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BBenenne

CoBpemenHasi KOMOMHATOPHKA — 3TO BECbMa MHOTOTDaHHAs W OypHO
pa3BHUBaIOIasics HayKa. TOJbKO 3a MMOCIeHIE JeCATUICTUS B Hell BOZHIK-
JIO MHOKECTBO HOBBIX U BaKHBIX, HO 3a9aCTYI0 KpailHe JAJIEKUX IAPYT OT
Ipyra pa3zenoB. B pe3ysbrare Bce Tpy/HEE CTAHOBUTCHA yBUIIETH KOMOU-
HATOPHUKY B IIEJIOM, [TOIYBCTBOBATH €IMHCTBO KOMOWHATOPHBIX IPODJIEM,
OCO3HATH ITOJJIMHHBIE B3aUMOCBSI3M MeXKIy HUMH. BmecTe ¢ TeM, Heorpa-
HUYEHHOE JIpo0JIeHne JII000ii, CKOJIb YIOHO COJIEPKATEIbHOM, HAYKU B KO-
HEYHOM cdUeTe JInIb BpeauT eit. HeoOxomuma cephe3nasi 6a3a, HA OCHOBE
KOTOPOil HAOOP Pa3PO3HEHHBIX 33149 M HAOJIOAeHn cHOPMUPOBAJICH OB
B [EJbHYIO JUCHUIUINHY. VI TyT OrpOMHYIO pOJib Urpaer 6a3a MeTOI0JI0-
rudyeckasi. BOSHUKAIOT MOIIHBIE METO/IbI, MO3BOJISIOIINE JAaTh OTBETHI HA
caMble Pa3JInIHbIe BOIPOCHI U CJIYXKAIe, TAKIM 00pa30M, eCTeCTBEHHBI-
MU MHCTPYMEHTAMHE JJIsl IEMEHTHUPOBAHUSI HAYKU: OTHBIHE 3HAYUTEJIbHASI
qacTh €€ Pa3lesioB, KOTOPbIE, HA IIE€PBBIA B3IV, COBCEM HE KOPDEJIU-
POBaHBI MeXKJIy COOOM, TPYIIUPYETCAd BOKPYT €IWHOTO METOJId, W ITOT
METOJT HE TOJBKO BEJET K PEIIEHUIO MPEXKHUX YACTHBIX 33J1a9, HO eIle
U BBICTYIIAET KAK KaTAJIM3aTOP K CO3JAHUI0 HOBBIX HETPUBHUAJIBHBIX U [JIy-
GOKO B3aMMOCBSI3aHHBIX pOOJIEM. B KOMOMHATOPUKE MOXKHO BBIJIEIUTH
HECKOJIBKO TAKMX OOIMUX U JEHCTBUTEILHO BaXKHBIX MeTOI0B. Eciu pedb
UJET O [ojcYere Yucja KOMOUHALUH TeX WM UHBIX OOBEKTOB (T.e. 0 Tak
HA3BIBAEMOIi «IIePEUUCIUTENHHON KOMOMHATOPUKES ), TO, KOHEYHO, HYKHO
B IIEPBYIO OUEPEJib YIOMUHATH METO NPOu3BoAsmx GyHKImit (cm. [1,2]).
Hac, oxnako, 6yayT B O0JbINEll MEpe NUHTEPECOBATH «IKCTPEMAJIbLHBIES 3a-
a9 KOMOMHATOPUKHU — 3312491, B PAMKAaX KOTODPBIX TPeOyeTCss HAXOIUTh
pa3/IMIHbIE IKCTPEMAIbHBIE XaPAKTEPUCTUKU KAKOW-JIN00 COBOKYITHOCTH
00beKTOB (HALIPUMED, MAKCUMAJBbHOE YHUCJIO IOINAPHO HEePECeKAIONIIXC s
HOJIMHOXKECTB KOHEYHOI'O MHOXKeCTBa u 1p.). U 31ech Hambosee cyime-
CTBEHHBI METOJIbI, CBA3aHHbBIE C IPUMEHEHUEM UJIEeil TeEOpUN BEPOSITHOCTEI
" aJreOpol.

Pasymeercs, nHenb3s cka3zarTh, KTO ObLI IIEPBBIM, IPUMEHUBIINM, CKa-
2K€M, BEPOSITHOCTHBIE COOODPAaXKEHUs [JIsi PENIeHns] KaKOH-HuOy/ b KOMOuU-
HATOPHON 3aja4n. HekoTopbie aBTOpHI eie B Hadase XX B. JOra [AJIICh,
YTO BBIYUCJIEHUE CPEJIHNX 3HAYCHUN «CIyJailHbIX BeJINIUH» OBIBAET BECh-
Ma II0JIE3HBIM B KOMOWHaTopuke. TeM He MeHee, UMEHHO BBIIAOIIUICS
Berrepckuii Maremaruk I1. Opuém (1913—1996) 3aHsics B HATHIECATHIE
rOMIbl CUCTEMATHIECKUM PA3BUTHEM BEPOSATHOCTHOIO METOMA, W ITOTOMY
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HMEHHO €ro — CO3/IaTelIs BEHIePCKOIl MKOJIbI COBDEMEHHOIO KOMOUHATOD-
HOTO aHaJIN3a, JYeJOBEKa, BHECIIEr0 HEOICHUMBIH BKJIAJ B CTAHOBJICHHE
KOMOMHATODHKH (B TOM YHCJIE ¥ BEPOSTHOCTHOI!), — IPUHATO CUATATH OC-
HOBaTEJIEM METOJIA.

Yr0 Ke Kacaercs ajarebpamveckoro MeTofia, TYT €CTh CBOsL 0OJIbIIAsT
ucropust. Mbl He CTaHEM, OJJHAKO, BJIABATHCS HU B KAKUE HCTOPUIECKHE [0
JPOGHOCTH, OTCHIIAs 3AMHTEPECOBAHHOIO YNTATES K JIPYTUM UCTOUHUKAM
(cm. [3-9]). Bamernm JuIb, 9TO Jyist HAC OyIeT aKTyaJeH JHHEHHO-aIre6-
paMdIeCKuil aceKT ajrebpamdeckKoro MeTo/ia, 0 IeM IopobHee HUXKeE.

B cepnu u3 deThIpex JEKIWH MbI IIPEIIOIAraeM PacCKa3aTh O HECKOJIb-
KX SIDKUX 3a7[a4aX KOMOMHATOPDUKM M KOMOHUHATODHON reomerpuu. Ha
UX [PUMEPE Mbl MPOMJUIIOCTPUPYEM Dsijl OCHOBOIIOJATAKONIMX OXO00B
BEPOSITHOCTHOI'O U JINHEHHO-aIrebpandeckoro xapakrepa. VMeHHo 3a caer
9TUX METOJOB 33Ja9i OKarKyTCs HEOXKHUJAHHO OJM3KUMU M TECHO ApYT
C JIPYTOM CBSI3aHHBIMHE, XOTsl AllPHOPH OBLJIO ObI TPYAHO YBHIETH UX €CTe-
CTBEHHYIO U I1yO0OKyI0 6/i30CTh. [Ij1s 60sbInei TOCTYITHOCTH W3JI0KEHUST
MBI IpuBegeM B TyiaBe JlonosiHeHwe HaGOp HEOOXOJMMBIX OIpEIesIeHNUT
U3 TEOPUM BEPOSITHOCTEM, JmHelHo# anrebpbl, Teopun rpadoB U MaTe-
MATHYIECKOIO aHAIN3a, TaK YTO IUTATENb, HE COBCEM 3HAKOMBIH C COOT-
BETCTBYIOIIEH TEPMUHOJIOIHEH, CMOXKET HOJIyYUTh BCIO HEJIOCTAIONLYIO €My
uHbOpMaIM, He 0Opamasch K BHENIHUM HCTOYHHKAM; BIIPOYEM, BCIIO-
MOTATEJLHYO JIATEPATYPY O IMPEJIMETaM MblI TAKKe ynoMsHeM. B KoHie
KasKJIOH JIeKIH Mbl chOpPMYIUpyeM HEKOTOPOe KOJIMIECTBO 3a7a, CPeJIH
KOTOPBIX OY/yT KAk YUCTO y4eOHble, TaK M HCCJIEI0BATEIbCKIE — eIlle He
pEIIIeHHBIE.



JIekmug 1

3a1aun o mepecevYeHnsIX MHOKECTB

1.1. IlocranoBku 331249 1 (OPMYIUPOBKHA HEKOTOPBIX
pe3yJIbTaToB

B 60-e roger XX B. HaUaja aKTUBHO PAa3BUBATHCH HAayKa 00 IKCTPe-
MAJIBHBIX CBOHCTBAX COBOKYITHOCTEHN MOJIMHOYKECTB KOHETHOTO MHOYKECTBA.
DTH COBOKYITHOCTH YaCTO HA3BIBAIOT TAKXKe «TUIleprpadaMuy, uMesi B BU-
a1y, 91O Tpad 3a7aeTCs KOHEeWHbLM MHONHCECTNEOM BEPIITHH U COBOKYITHO-
CTBIO Iap BepuIuH — pebep (CM. JOIOJHEHHE): MOHSITHO, YTO, PACCMaT-
puBasi BMECTO JIBYX3JIEMEHTHBIX IPOU3BOJIBHBIE TOJIMHOXKECTBA MHOMKE-
CTBa BEPIIUH, MbI HOJydaeMm o0o0IieHne rpada — «cBepxrpads, THiep-
rpad. Mbl u3ydnm 3/1ech JBe Ha BUJI O9€HD MOXOXKUE 38291 YIOMIHYTOIO
tuna. O6e OHU UMEIOT 3HAYUTEIbHOE KOJIMYECTBO IIPUIOYKEHHUI, IIPOCTHI 110
CBOHUM IIOCTAHOBKAM U KpailHe, OJHAKO K, HeTPUBUAJIBHBI.

Urak, nycrs R, = {a1, ag, ..., a,} — IPOU3BOJILHOE MHOXKECTBO, CO-
crosiee U3 N I7aeMeHTOB. MOXKHO cantarh 6e3 orpaHmYeHus OOITHOCTH,
aro R, ={1,2,...,n} ecrb mpocro OTPE30K HATYPAJILHOrO psja. Pac-
CMOTPHMM Kakyro-HuOyab coBokynuoctb M = {My, ..., My}, obpazosan-
Hy!0 (pasiumdHbIMU) Kk — 3JIeMeHTHBIME HoaMHOXKecTBamu M; (k — cove-
Tammamm), i = 1,..., s, MHOKecTBa R,, 0 <k < n. Ouesmmno, s < CF,
U TYT HUKAKUX pobsieM HeT. BO3HUKAET BOIPOC: & UTO, €CJIU MBI 3AIIPETUM
MHOKECTBAM U3 COBOKYIHOCTH M HUMETh TONapHbIe MepecedeHnst TON Uin
uHoi#t momHocTu? Kak 310 mnosjmsier Ha pa3Mep § caMOil COBOKYITHOCTH?!
HawuboJiee usydensl e curyaruu. B mepBoM cirydae Mbl IOTpPebyeM, 4To-
ObI JIIOOBIE JIBa MHOYXKeCTBa u3 M mepecekasnch He MeHee, deM 10 t < k,
obmuM 3steMenTaM. Bo BTOpoM ciiydae HaM BayKHO Oy/eT JIUIb OTCYT-
cTBHe ap MHOXKecTB M;, M; € M, KoTophIe OB epeceKaInch POBHO 1O t
stemenTam u3 R,. [losoxkum, cooTBEeTCTBEHHO,

f(n, k,t) = max{s = |[M|: Vi, j € {1, ..., s} |M;NM;| > t},
m(n, k,t) = max{s = IM|: Vi,j € {1,..., s} |M; N M| # t}.

Ortbickanne senuunr m(n, k, t), f(n, k, t) — kpaitHe cioxHasi, Kpacu-
Bas U Gorarasl NPUJIOYKEHUAMH 3ajada (cM. Jeknuu 2 u 3). Huzke MbI
IpHUBesieM JBe gpKHe U I0Ka3aTelbHbIe TeopeMbl OTHOCUTEIbHO ITUX Be-
JINYHH.
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Teopema 1 (I1. Opuémr, Y. Ko u P.Pago). Ecaun <2k, mo f(n, k,1)=
=CF; unave f(n, k,1)= Cﬁ_l

Teopema 2 (II. @panki u P. M. Yuscon). Ilycms p — npocmoe wucao,
n=4p, k=2p, t=p. Tozda m(n, k,t) <2C?~]

O6e TeopeMbl HOCAT JIOCTATOYHO clenududecKnii xapakrep. Tem He
MeHee, B HUX YK€ COJICPYKUTCA BCA CYTh IIPOUCXOJAIIETr0, a HEKOTOPYIO UC-
TOPHIO, CBS3aHHYIO C HUMU, U Gosiee obmme pOpMyJIUPOBKH Mbl IIPUBEIEM
B §1.4. Ceituac MBI 3aMETUM JIUIIIb, YTO PE3YJIBTAT TEOPEMBI 1 OKOHYIATE b~
HBIii, TOT/Ia KAK B TEOpEME 2 IIPUBOIUTCS TOJIBKO OIEHKa cBepxy. Ha camom
JleJie, 9Ta OLEHKA MPaKTHYeCKH Hey/ydimaema (cM. 3aiadn). Bosee Toro,
OHa, Ha IepBblil B3T/IsA, abCONMIOTHO HeoXKuaanHa. eiicTrBuTesbHO, ecin

m
aKKypPaTHO IpUMEHUTH popMmyry Crupiunara m! = v/ 27rm(%) (1+0(1)),

m — 00 (CM. JIONIOJIHEHNE), K KaXKIOMY U3 (baKTopHaJIOB dburypupyrormux
B M3BECTHOI 3amucu Boipazkenunit CF 1 20771, 10 HETPYIHO YBUIETH, U4TO
B IIEPBOM CJIydae Mbl NMeeM J1esio ¢ BesnanHoi (24 o(1))™, a Bo Bropom —
¢ Besimansoit (1,754 ...4 0(1))™. D10 03HAYAET, YTO, €/[BA MBI 3AIIPETIIIN
BCEro OJIMH BAPUAHT II€PECeYeHrs] MHOXKECTB B COBOKYIHOCTH (pa3penieHo
BeJlb BCE, YTO YIOJHO; JIUIIbL Obl MHOXKECTBA HE IePECEKAJIUCH 110 P OOIIUM
9JIEMEHTAM ), U CPa3y Ke OT TPUBUAJILHON OLEHKH § < (2 +o(1 ))" MBI IIpH-
I K 9KCIIOHEHIMAJIBHO MeHbIeMy HepaseHCTBY s < (1,754 ...+ o(1))™.
TpyaHO OBEPUTH, YTO GYKBAJIBHO OJUMH 3aIPET CTOJb CHUJIBHO OrDAHUYH-
BaeT cBOOO/LY B IIOCTPOEHUM COBOKYIHOCTH M ; OIHAKO 9TO TaK.

Teopemy 1 nokazkem B ciremytoriem maparpade, a reopemy 2 —B §1.3.

1.2. /Toka3aTesibcTBO TeopembI 1

Haunem ¢ 3ameuanusi, uro ciay4ait n < 2k oueBuaen. B camowm jee,
IIPU JIAHHBIX YCJIOBHAX MPOCTO HE CYIMIECTBYET HEMEPECEKAIONUXCS MHO-
JKECTB, TaK 94TO ,ILGfICTBI/ITQJIbHO f (n k,1)=CF. Ilanee, Bo BTopoM cirydae
mknss onenka f(n, k, 1) > C*~1 roxe npakruaeckn odesnana. Tocra-
TOYHO PaCCMOTPETh COBOKYIIHOCTH MHOKECTB, KarKJIblii 3JIEMEHT KOTOPOii
COZIEPYKUT, HAIIPUMEP, eAMHUILY:

M={MCRy,:|M| =k 1eM}

ousitro, uro |M|=C*"1, u Bce B mopsiKe. B cBOO 0UepeIb, BEPXHIOD

OIEHKY MOKHO, B IPUHITHUIIE, TOJYIUTh PA3JUIHBIMEU CIIOCOOAMU, HO MbI
IIPUMEHUM CAMBI{l €CTECTBEHHBIN U TTOKA3ATENbHBIN U3 HUX — BEPOSITHOCT-
HBII. DTOT crrocob dpopmasbho mpeiokui . Karona B 1972 1., xoTs HaM
MIPEJICTABJISIETCS, ITO MMOA00HAS HJies NOJKHA CPa3y K€ IMPUITH B TOJIOBY
BCHKOMY, KeJIaioremMy o00CHOBaTh TeopeMy Idpaénia—Ko—Paso.
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3aduKcupyeM MPOU3BOJIBHYI COBOKYIIHOCTH M, COCTOSIIYIO W3 IIO-
MAPHO TEPECEKAIONTUXCA MHOXKECTB, W PACCMOTPUM BCIIOMOTaTEeTHHYTO
KOHCTPYKIuIO: tosiozkuM A ={s, s+ 1,...,s+k—1},s=1,..., n. 3necn
CYMMUPOBAHUE HOHUMAETCS 110 MOIYJO 1, Tak 4ro Ay C R, u |Ag| =k.
Herpynuo 3amerurh, uyro u3 MHOXKecTB Ag He Oojiee k momagaer B M.
JleficTBUTEILHO, €CJIU JIONYCTUTh, 9TO Kakoe-To Ay npunaijexnt M,
TO OCTajibHble MHOXKeCTBa A;, KOTOpble Iiepecekarorcs ¢ Ag ©, TeM
caMbIM, HMMEIOT IIpaBO JiekaTb B M, MOXKHO Da30uTbh Ha Hapbl BHUJA
(As—i, Asyr—i),i=1,..., k—1. Takux nap k — 1 mryka, u u3 KaxKJ0il Mbl
BOJILHBI J00aBUTHL B M He 0ojiee OJHOrO 3jieMeHTa. Bmecre ¢ MCXOIHBIM
A € M nonyuurcs B akKypaT He OoJiee k MHOXKecTB Tuna Ay B Haluei
COBOKYITHOCTH, U YTBEPXKJIEHIUE JOKA3aHO.

Teneps paccMOTPUM CAYUATHBIG ITEMEHT © € Ry U CAYUATHYIO TIEPECTA~
HOBKY 0 Ha MHOXecTBe R,,. B 00oux ciaydasix ciay9ailHOCTh MbI TOHIMAEM
B CMBICJIE KJIACCUYECKOI'O OIPEJIEJICHUs BEPOATHOCTH (CM. JOLOJIHEHUE),

. . 1
TaK 9TO BEPOATHOCTH KAXKJIONO0 KOHKPETHOro ¢ ectb P(i)= =, a Beposr-
n

1
HOCTB JiF00oro o pasHa P(o) = — (pasIMYHBIX TEPeCTAaHOBOK 7!, W MBI
n

cuuTaeM uX paBHOBeposTHBIMHK). IIpu 9T0M, padymMeercs, BHIOOD JI€MEHTa,
MBI OCYIIECTBJIIEM HE3aBUCHUMO OT BBIOOpA MEepecTaHOBKH. PaccMoTpum
mHOKeCTBO A; » ={0(i), 0(i +1),...,0(i +k — 1)}, mo-npexxuemy onpe-
Jleisisl CJIOXKEeHHUe 1o MoJyio n. MuoxkectBo A; , BiIOXKeHO B R, , UMeeT
MOIITHOCTD k, 1 06Pa30BaHO OHO IEPECTAHOBKON 3JIEMEHTOB MHOXKECTBA, A;.
Hecnoxuo ybemurbcst B TOM, 910 MHOXKecTBO A; , ecTh ciydaitHoe k —
3JIEMEHTHOE TOJIMHOYXKECTBO R, ONATHL-TAKU B KJIACCHIECKOM CMBICIIE, T. €.
9T0 BEpPOATHOCTH P(A; ;) BOSHUKHOBEHHS TOT'O MJIM HHOIO MHOXKECTBA A; »

.1
COBIIaJJaeT C BEJIMYMHOMU T
C
C oJHOM CTOPOHBI, BBUJLY CIAEJAHHBIX HAOIIOAEHUH SICHO, 9TO
M
P(A;, € M) = M
C

C apyroit CTOpOHBI, ecjii Mbl (PUKCADYEM Ha BpEeMs IIePECTaHOBKY, TO

k
ycioBHas BeposiTHOCTh P(A; , € M|o) He npeBocxomut —. DTO BBITEKAET
’ n

U3 HAIEro paccyKJIeHus npo nonajganue B M muoxkecTs Bujia Ag. [Torsar-
HO BeJb, YTO U CPEJU <II€PECTABJIEHHBIX» MHOXKeCTB A; , 1PN JaHHOM O
He Gosiee k sexkar B M. Tlosb3sysach GhopMysIoit oIHON BEpOATHOCTH (CM.
JIOTIOJTHEHHUE ), TIO0JIy9aeM

n

P(Aig € M) =Y P(Aiy € Mlo)P() <Y 21 =1

[oa
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M|

Takum obpasom, Yo <
3aHa. "

B 3akmiodenue cjelyer OTMETUTD, YTO TPUBEJIEHHOE «BEPOSITHOCTHOE
JI0Ka3aTeIbCTBO BIIOJHE MOYKHO OBLIO M3JIOKUTH Ha, SI3bIKE «KOJIMIECTBEH-
HOM», CDABHMBAsI HE BEPOSITHOCTH, & MOIMHOCTH. [lo/100HOe 3aMeuaHe He
MOXKET He IPUATH B TOJIOBY BCSIKOMY, KTO BHUMATEIBHO CJIEJIAT 32 HAIIUM
paccy:keHueM. 3aMedaHue 3TO BIIOJIHE [IPABOMOYHO, HO BO3Da3HUTh HA
HEero MoxKHO Tak. KoHedHo, npocmetiwue BEPOSITHOCTHBIE COODPAYKEHUS
CYTh COODPAXKEHUS B3ATUSA CPETHET0 apudMETHIECKOTO, U IIOTOMY UX HU-
9ero He CTOUTH TIEPEBECTU Ha KOJIMIECTBEHHbBIN SI3bIK. TeM He MeHee, Takue
coOOparkeHUsI JIeXKaT JIUIIb Ha CaMOIl BEPXYIIIKe OIPOMHOIO aiicbepra, Ko-
TOPBIN MbI HA3bIBAEM «BEPOSTHOCTHBIM METOJ0M». COBpEMEHHAs TEOPUs
BEpPOSITHOCTEH TOpa3/l0 TOHBINE W MHOTOI'DAHHEE, HEXKEJH <«BEPOSATHOCTD
KJlaccuaeckasi». TexHnuka, paspaboTaHHast B ee paMKax, CJIOXKHA, MHOIO-
IJIAHOBA, W AIEJUIMPYET OHA MOYAC K TAKUM MOHSITHUIM, KOTOPbIE KpaiiHe
TPYIHO, & IJIABHOE, COBEPIIIEHHO HEECTECTBEHHO IIPEICTABISTD YHUCTO KOM-
6unaTopHo. Her cmMmbIC/ia NBITATHCS «I€PAHJIOMU3UPOBATEY BEPOSITHOCT-
HbIE HHCTPYMEHTBI, OTHOCUTEJIbHO KOTOPBIX UMEeTCsl OIPOMHAsT JIUTEPATY-
pa; pa3Be YTO TAKOTO POJIA JEPAHIOMHU3AIINS TIOMOTAET KOMY-TO HA MEPBBIX
mopax Jiydire 0co3HaThb MeTo . OHAKO B KOHETHOM UTOTE 3aTesT U3YKUBAET
cebsl.

Cck = Ck_%, I TeopeMa, JIOKa-

n n—

k k
=, otkyma |M|< =
n n

1.3. /Ioka3aTeibCTBO TEOPEMBI 2

BadurcupyeM TPOM3BOIBHYIO COBOKYITHOCTH M, yIOBIETBOPSIONLYTO
YCJIOBUSAM TEOPEMbI, U pa300beM ee Ha jBe yactu: M = Mj | | Ma. Buecn

My ={MeM:MC Ry}

Herpynuo Buzers, uro npu kaxiaom ¢ € {1, 2} mius awobbix M, N € M, BbI-
nosrero: |M (Y N|=0 (mod p) Torna u TosbKo torga, korna M =N (o
yeaosuto |[M (\N| # p, u mobble Ba MHOYXKECTBA TeIlephb II€PECEKAIOTCH ).
Mer joxazem mike, uto |M;| < CP~]. U3 mamero paccyxienns Gyier

HOHSITHO, KAK OBOCHOBATEH aHAJOIHUHYIO OLEHKY |Ma| < CP~1 (uurarens
cam 6e3 TpyJa MpOJIEsaeT HeOOXOMMbIE BBIKJIAKH), U B PE3YJILTATE MbI
HOJIyYUM yTBEPK/ICHUE TEOPEMBI.

PaccMOTpEM COBOKYITHOCTH BEKTOPOB

V = {X: (1’17...,‘%77,,1)1%7; S {071}, 1+ ...+Tp_1 = k:2p}

Scro, aro MHOXKecTBaM U3 M OJTHOZHAYHO OTBEYAIOT HEKOTOPBIE U3 ITUX
BeKTOPOB: ecyit M € M1, To coorBercTByIomuii X € V uMeeT KOOPIUHATHI
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x; =1, kKosib ckopo i € M, u x; =0, KoJsib ckopo i & M. Ilpu 3Tom ycjoBue
« M N|=0 (mod p) Torma u Tonbko Toraa, Korga M = N» mnpespaia-
ercs B ycioBue «(x,y) =0 (mod p) Torma u TOABKO TOrJa, KOIJA X = y»;
ckOOKaMu MbI 0003HAYaEM OOBITHOE CKAJISPHOE MIPOM3BEIEHNE BEKTODPOB
(cm. mononrenne). Ilyers Vi = {x1, ..., Xs} CV ecrb TouHBI 06pa3 coBO-
kynHoctu M1 B coBokynrHocTr V. Ham Hy»KHO m0Ka3aTh, uro |V1| < C’ﬁj.

Kaxxmomy BekTtopy X € V' comoctaBuM HEKOTOpBLIH MHOrowien Fy
or n — 1 mepemennoii. Kosdduruentsr storo muorowiena OyaeM cdu-
TaTh MPUHAITEKAMMAME MHOXKECTBY (HOJIO) Z, KJIACCOB BBEIYETOB IIO
Mouyao p (cM. jonosiHenue). VIHbIME CJIOBaMU, BO3bMEM CJIELyFONIUI
Fy €Zyly, .-, Yn—-1l:

p—1
Fuly) = [0 - (x ¥),
i=1
riey = (Y1, ..., Yn—1). FIMeer Mecro npocras JieMMa.
Jlemma 1. Jasn aobvix X,y €V snauenue Fy(y) cpasrumo ¢ nyaem no
MO0YA10 p ozda u moavko mozda, xoeda (X,y)Z0 (mod p).
Jlemma o4eBmzHA, 1 MBI €€ He JI0Ka3blBaeM. Temepb packpoeM CKOOKH
B OIIpeJIeJICeHNU KaxKJIOro MHOro4sIeHa Fy, T.e. 3anumeM Fy B Buje JuHeii-
HOI KOMOWHAIIMM OJIHOYIEHOB. 110y dnTCss HEKOTOPOE BHIPAKEHNE BUIA
_ Qg Qig
Fx(y) = E CivyoiyiqYsy ™ oo Y5, -

q

3aeck ¢ <p — 1, u, 6osee Toro, a;, + ...+ oz, <p—1, npuaem 1 <y, <
<p—1,v=1,...,q; BMecre c TeM 1 < iy <...<ig<n— 1. [Tomoxnm

Fx(y) = Zcil,...,iqyil e Ui

T.€. «0OpEKEM» BCE CTENEeHU NMEePEMEHHBIX ¥,. BOSHMKAET HOBBI MHOTO-
aen Fy € Zplyi, - -, Yn—1), T ITOT MHOTOUJIEH 3aMeTATEILHBIM 00Pa3oM
YJOBJIETBOPSIET YCJIOBHIO JIEMMBI 1: IPOCTO €ro 3HAYeHUs HA BEKTOPAX
y €V coBHajaloT co 3HaYeHUsAMH MHOro4jieHa Fy Ha Tex Ke BeKTOpax
(y =y, mas Beex @ 1 Bcex m > 1, Beap y Hac y; € {0, 1}).

O603uaunM depe3 d pasMEepHOCTb MPOCTPAHCTBA, 0OPA30BAHHOIO MHO-
roatenamu Fy, x €V (cm. gonosmenne).

Jlemma 2. Hmeem mecmo nepasencmso |[Mi|=|Vi| <d.

HokazareabcTBo jeMMbl 2. PaccMOTpUM MHOTOYICHBI ﬁxl, ey ﬁxs,
orBevalonue BekropaM u3 Vi. IlokazkeM, 94TO OHU JIMHEHHO HE3aBUCUMBI
uaJx Z, (cM. pomossenue). st 9TOro ZOCTATOYHO yOEAUTHCA B TOM, UTO
TOXKIECTBO

1 F (¥)+ ...+ esFx, (y) =0 (mod p) Yy eV
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BBIIIOJIHEHO, TOJIBKO €CJIH
1 =c3=...=¢; =0 (mod p).

IIycts y =%, i=1,...,s. Torma (x;,y) =0 (mod p), u Fx,(y) Z0
(mod p) mo semme 1. B To ke Bpewmst 3a cuet yenosust «(X,y) =0 (mod p)
TOIJIA U TOJIBKO TOLia, Korja X =y» (X, y € V1) umeem (x;,y) Z0 (mod p)
I J'0boro j # 4, u, crajo ObITb, F’xj (y) =0 (mod p) onsarb-Taku 110
semMe 1. IToCcKOIbKy p — IPOCTOE YHCJIO, HAIIE TOMKIECCTBO BMECTE CO ClIe-
JIAHHBIMU HabJioeHusaMu Bieder cpasuenue ¢; =0 (mod p). Cpasuenue
BEpHO JJIsl KasKJIOTO i, U JMHeiiHas He3aBUCHMOCTL MHOTOUJICHOB JI0Ka3a-
na. OTciofa, B CBOIO 04epe/ib, CJIe/lyeT YTBepK IeHHe JIeMMBI.

[TogaepkreM, 9TO WMEHHO MPH JOKA3aTEILCTBE JIEMMBI IIPOCTOTA P
ObLa aKTyaJabHa. BoJbIilie oHAa HAM HUTE HE MOHA00UTCS.
—1
Ocraercs nonsith, nodemy d < CP~j. B npocrpaHcTBe, HOPOXKICHHOM

MHOTOUIeHAME Fy, X € V| MOXKHO BBIOpaTh €CTECTBEHHbBIN 6a3uc (cM. 70-

HOJTHEHHE), COCTOAMMI U3 OJHOYICHOB BUIA Uiy - ... Yi,, 0<qg<p—1,
p—1

1<iy <...<ig<n—1. OueBunno, rakux oxuowienos » . C}_,. Oxnaxo
i=0

Ha V' BCe 9TU OJHOUJIEHBI MOYKHO JINHEHHO BBIPA3UTDH UePE3 OHOUIECHDI
crapiieit crenenu (crenern p — 1). B camoM Jiesie, paccMOTpUM, JJIsl IPU-
Mepa, OJTHOWIEH Y1 - . . . - Yp—2. JJOMHOIKHM €ro Ha CyMMY BCEX HepEeMEHHBIX
Yis .-+ Yn—1, KakoBasg Ha V coBmagaer ¢ Besuannoil k = 2p. Ilosyunm
(ra V) 1em09Ky COOTHONIEHHIT

2001 Yp—2 = (W1 A YY1 Yp2 = YiY2 e Yp2t ..t
+y1'---'yp—3y;2,_2+y1'---'yp—zyp—1+---+y1'---'yp—2yn—1 =
=P-2)y1y2--Yp—2F+Y1- - Yp—2Yp—1t .- F Y1 Yp—2Yn—1-
CremoBaTebHO,

P+2)11y2 - Yp—2=Y1 - Yp—2Yp-1+F - F YL Yp—2Un—1,

T.€. MBI H B CAMOM JeJI¢ JINHEHHO BBIPA3IIN ONHOWICH Y1 - . . . - Yp—2 I€PE3
OJIHOYWIEHBI CTeleHN p — 1. AHAJIOrUYHO (C MCIOJIB30BAHMEM HHIYKIUH)
MOXKHO IIOCTYNIUTH M B OTHOIIEHWH IPYIHX OXHOWIEHOB. OKOHYATEIHLHO

—1
nosyaaem d < CP_|, u Teopema J0Ka3aHa.

1.4. HeckoJibKo cJIOB 00 MCTOpHMH 327124

Teopemy 1 I1. Opaém, Y. Ko u P. Pajgo mokazamu eme B 1938 1. Ona-
KO, KaK TOBOPWJI BIOCJIEJICTBUU IJPJEII, B T€ BPEMEHa TEMaTHUKa 3aJad O
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[epeceveHnsix MHOXKECTB ObLjIa He CJIUIIKOM IOILyJIsSIpHA, U IOTOMY paboTra
6bL1a omybsmkoBana TobKO B 1961 1. JIrobombiTHO, 9TO 3a mpoImerte
C MOMEHTA J0KA3aTEIbCTBA JI0 MOMEHTA IIyOJIUKAIIUN OBl TPODIEMATHKA
«rumeprpadoB» Crajga Kyla MOMyJsipHee: Ha CerOHSIIHAN JE€Hb CTAThs
Dprema—Ko—Pano — exBa jin He OJ[HA U3 CAMBIX [IUTUPYEMbBIX B 00JIACTH.

Ha camom zeste, dpuém, Ko u Pao mokaszaau meuro ropasno 60JibInee,
a MMeHHO: I JoObIX k,t Haiimercs Takoe ng(k,t), Wro TUpH BCex
n > no(k, t) Bomosnneno f(n, k,t) = C’,’f:i. Komneuano, pesyabrar BIoJiHe
oxugaemplii (cM. §1.2); He sACHO JMINb, [IOYEMy OH HE BCErJa BEpEH.
B neiicrBurenbHOCTH, BCEe MajieKO HE TaK IPOCTO, KAK MOIVIO OBbI IOKa-
3aThCsl HA TIEPBBIA B3MUIsiA, 1 3Ha4eHue f(n, k,t) OTHIONb HE sl JFOOBIX
n, k, t jmocTuraercst Ha BceM NOHsITHON KoHCTpyKimu (cp. §1.2). O6uryro
KOHCTPYKITMIO MbI IIPUBEJIEM HIXKE€, HO TIOKA MbI BElb JlaKe He 3HAeM,
qTo u3 cebs nupencrasiaser no(k,t). B 1977 r. I1. @panka mokazas, 4To
no(k,t) = (k—t+1)(t + 1) opu k > 15. Hocagnoe orpanmdenne Ha k
ycrpanua cemb JieT cryctd P. M. Yumcon. Takum oOpa3om, HaumHasd
¢ 1984 r., ocraBaJics OTKPBITBIM BOIIPOC, YTO K€ IPOUCXOJUT, KOJIb
ckopo n < (k—t+1)(t+1); Haupumep, uTo OyJeT, €CIN BEJUIUHBI N, k, t
YCTPOEHBI Tak ke, Kak B Teopeme 27 U Tospko B 1996 1. HA mOCTABIEHHBIH
BOIIPOC OBLI JaH OKOHYATEJbHBIN OTBET.

Teopema 3 (P. Auiceze u JI. Xauarpsin). ITyems r € N makoso, wmo

(k—t+1)(2+%) <n< (k—t+1)(2+%)

(npu =0 cyumaem NPasYI0 YACMb YENOYKU HEPABEHCME Geckonewnol).
Tozda f(n, k, t)=|F|, 2de

Fr={F CRu:|F|=k, |[FN{l,....t+2r} >t+r}.

Bo-11epBhIX, JIErKO BHJIETD, YTO BCE IapaMeTPhl B TeOpeMe 3 olpe/iesie-
HBbI KOPPEKTHO. BO-BTOPBIX, HOHATHO, 9TO 1pu 7 = (0 MBI ©UMeeM B TOYHO-
cTu pe3ysbrar, nokasanubiii dpaémem—Ko—Pano, upuuem ng(k, t) posao
T0, KoTopoe Hamu Ppamkn n Ywicon. Hakowmern, sicHo, 9ro ¢ Teope-
Mol Ausiceesie—Xauarpsina 3azada npo f(n, k, t) okazajgach IOJHOCTHIO
peienHoit. BripoueM, MbIC/IbL 4ejloBeuecKast He CTOMT Ha MecTe, U Telepb
KpailHe aKTyaJbHBI JBa HallpaBjeHus ucciegopanuii. C 0JHOI CTOPOHHI,
PaCCMATPUBAETCH BEJIMINHA

f(n,k,t,r) =
=max{|IM|: VM e M |M| =k, VMy,..., M, e M |MiN...0NM,| > t}.

WNubivu cstoBamu, Temephb HE TAPaM MHOYKECTB MbI 3AIIPEIIAEM IT€PECEKaTh-
CsI MEHbIIIe, YeM 10 ¢ JIEMEHTAM, & ITPOU3BOJIbHBIM X HAOOPaM MOITHOCTH
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r; Ipu 7 =2 Mbl BO3BpAIllaeMCsl K yKe H3ydeHHO# 3ajade. Mbl He cra-
HEM IUTUPOBATH 37€Ch U3BECTHBIE PE3y/IbTaThl OTHOCUTENILHO f(n, k, t, );
TOJIBKO 3aMETHM, UTO JarKe MPH 7 = 3 7O OTHLICKAHUS COOTBETCTBYIOIIEH
BEJIMINHBI NUCKJIIOUNTETHLHO JAJIEKO.

Hpyrast 3ajia4a, eCTeCTBEHHBIM O0pa30M O0OOIIAIOIIAs PEIIeHHYIO,
MOXKeT ObITh TocTasieHa tak (cp. §1.3). Ilycts M —3T0 COBOKYIHOCTH
N-MEPHBIX BEKTOPOB, KOOPJAUHATBHI KOTOPBLIX IPUHUMAIOT 3HAYECHUS U3

dbukcuposannoro muoxecrBa uucesn {bi, ..., b.}, IpuYeM KOJIUIECTBO
KOODJIMHAT TOW WM WHON BEJIMYUHBI B KaXKJIOM BEKTOPE OJHO U TO
JKe — CKazkeM, l; KoopiauHar Bejaudunel by, t=1,...,r (1 +...+ 1. =n).
ITosoxkum

f(nyby, oo by by, ooy by t) = max{IM|: Vx,y e M (x,y) > t}.

Ouesumno, f(n;1,0;k,n—k;t)= f(n,k,t). Yxke npu r =3, by = —1,
by =0, bs =1 3amaga He permieHa.

Tenepb o 3amade qust m(n, k, t). Obmast HOPMYJIUPOBKA TEOPEMBI
DpankiIa—YWICOHA (TEOPEMBI 2) 3BYUHT TaK.

Teopema 4 (II. ®panka u P. M. Yuscon). Hycmo (k—t) —amo cme-
nend Hexomopozo npocmozo wucaa. Eeau k > 2t + 1, mo m(n, k,t) <
< CF*=1 Unave, noaazan d =2t — k+ 1, umeemm(n, k, t) < CICI~% /4.

IToHaTHO, YTO TeopeMa IPUMEHNMa, K 3HAYUTEIHHO GOJIbIIEeMY KOJIIIe-
CTBY HapaMeTpOB, U BCE K€ OCTAeTCs HeJOYMEHHe: Mbl OIAThL-TaKu CyIle-
CTBEHHO OrpaHHunBaeM cebs ycjoBueM, 4ro (k — t) — CTemeHb MpoCTOro
qucia. Heykem Hemb3s OT 9TOro ycjaoBus n30aBUTHCs! DTO CIIOKHBIN
BOIIPOC, HA KOTOPBIA HUKTO J0 CHX IOP HE 3HAET OTBeTa. VI3BeCTHO, Ha-
upumep, uro upu n =4t (t soboe)

max{|M|: VM, N € M [MNN|#t} < (1,99)",
HO 3TO Iopa3/lo XyzKe pe3y/ibTaTa
m(4p, 2p, p) < 2CP~1 < (1,754 4 o(1))".

ﬂaﬂbHeﬁHﬂde HeTpUuBUaJIbHbIE aCIIEKTBhI JeATCeJIbHOCTU BeCbMa ITOXOXKU
Ha Te, 9TO OBLIIM 3aJI02KEHbI HAMU B OlIpeeJieHusd BeJINYNH

f(n7k7t7r)7 f(n;bla"'ab’r‘;lla"'7l’f‘;t)'
AHaJOrnYHO MOKHO, Pa3yMeeTrcsl, OIPEJe/UTh U BeJIMITHbI
m(n, k,t,r), mm;by, ..., besly, ., s t).

[lepBasi BesmunHa UCCIEIOBAaHA [TOKA COBCEM MAJIO, & BOT OTHOCHTEIHHO
BTOPOI BEJIMINHBI 3HAYUTETHHOE KOJIMIECTBO PE3YIBTATOB OBLIO TIOJLY I9€HO
aBTOPOM JAHHOH Opomropbl. TeMm He MeHee, U ¢ Hell JAJIEKO He BCe SICHO.
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. C nomompio JimHeiHO| asirebpol jokaxure ouenky m(n, 5,2) < C

Sagaun

. Hokaxure, uro m(4p, 2p, p) = (1,754 ...+ o(1))™, n=4p.

JokaxkuTe BapuaHT TEOPEMBbI 2, 3aMEHUB IIPOCTOE P HA CTEIEHb ITPO-
cToro p*.

C 1oMommp JIMHEHHON asreGphl JoKaxkuTe OueHKYy m(n, 3, 1) < n.
MOKHO Jit 3Ty OIEHKY YTOYHUTH?
2
o
MOKHO Jit 3Ty OIEHKY YTOYHUTH?

5. Hokaxxure Teopemy 4.

6. (Teopema Ppanria—Yuacona). Mycrs M = {My, ..., Ms} — upous-

BOJIbHAsI COBOKYITHOCTH CEMUJIEMEHTHBIX IIOIMHOXKECTB MHOXKECTBA
R, obaamaroniast CBOMCTBOM:

’MiﬂMj‘ € {0,2,3,5,6)

Juist mobeix i # j € {1, ..., s}. Hokaxure, aro | M| < C2.

. Ilycts

V=A_x=(x1,...,216): 2; € {-1,0,1}, |{i: z; = £1}| = 8}.

[Ipenmonoxum, W C V' takoBo, uto mjs Jjo0bix X,y € W ckamasgpHoe
npoussesienue (X,y) He paBHO Hys0. Haiijure niau xorst 6bl oneHUTE
max |[W]|.



Jlekmusg 2

IIpo6siemsr Bopcyka
n Hesrcona—39paéma—Xaasurepa

2.1. ITocraHoBKku mpodseM u (GoOpMyJIMPOBKU TEOPEM

B 310l JIeKIuy MBI PACCKaXKeM O MPUJIOKEHUSX M3YUEeHHOW HAME TeX-
HUKU K JBYM KJIACCHYECKUM 3aJa4aM KOMOMHATOPHOI reoMeTpuu — IIpo-
6aeme Bopcyka u mpobiieme Hesncona—39paéma—Xaasurepa.

[TepBas 3amaga, nocrasiennas K. Bopcykom B 1933 r., cocrout B OTBIC-
KaHUU MUHUMAJIBHOrO unciaa f(n) dacreil MEHbIIEro JuamMerpa, HA KOTO-
pble MOXKeT ObITh Pa3bUTO IPOU3BOJILHOE OIPAHUYEHHOE MHOYKECTBO B €B-
KJuoBoM 1pocrpancTBe R™. Eciin roBoputh 4yTh 60ji€€ pa3BepHYTO, TO
HYKHO CIEepBa Jijist KaxK10ro orpanndeHHoro ) C R™ BBecTH BeJMIuHy

£(Q) = min{f: Q=] ... |2 diam®; < diamQ v z}

e diam Q= sup |x—y|, a |[Xx — y| — eBKIMIOBO pACCTOSIHAE MEXKLY BEK-
X, YyEQ
ropamu. CoorBercTBenHO, f(n)= max F(Q).

[Ipobema . Hemncorna—II. 9puéma—I'. Xagsurepa chopmupoBaiach
na pybexke 40—50-x romoB XX B., © CBOAUTCS OHA K HAXOXKICHUIO TAK
Ha3bIBAEMOro Xpomarudeckoro uncia x(R™) eBKanmoBa IIPOCTPAHCTBA.
31ecn

X(Rn) :min{x: R" = V1|_|,..|_|VX7 Vivx,y € V; ‘X—y| £ 1}_

Mnave roBopst, XpOMATHIECKOE IHCIO TPOCTPAHCTBA — 3TO MAUHUMAJILHOE
KOJIMIECTBO I[BETOB, B KOTOPBIE MOXKHO TaK PACKPACUTH BCE TOYKH R™,
YTOOBI MEXKJLy OJHOIBETHBIMHU TOYKAME HE ObLIO paccTosHus 1.

Hcropust 06enx 3a/1ad U CMEXKHBIX ¢ HUMH BOIIPOCOB HCKJIIOYUTEIHLHO
forata u K TOMYy »Ke JpaMaTHdHa. VIMeercss oOmmpHas JUTepaTypa, 10
KOTOPOIl MOYKHO O3HAKOMUTBLCSI CO BCEMH TOHKOCTSIME IIPOGIeMaTuKu (CM.
[8,10-16]), u Mbl He OyzeM 31eCh TPATHTh BpeMs HA HCTOPUYECKHE OT-
crymienns. CkazkeM OYKBaJILHO HECKOJLKO CJIOB, JOCTATOYHBIX JJI TOTO,
9TOOBI CO37aTh ODIIEe IIPEJICTABICHHE O 3a,1a9aX.

Bo-nepBrix, 3amernM, uTo B mpobJjeme Bopcyka MOXKHO BIOJIHE CUH-
TaTh BCE MHOYKECTBA MMEIOMAME JIAAMETD 1; HAPOTHB, HUYTO HE MENIACT
HaM B 3aJa9€ O XPOMATHIECKOM HHCJIE 3AIPETHTH TOYKAM OHOTO IIBETA
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OTCTOATDH JIPYT OT JApyra Ha, JIIo0oe 3a/IaHHOe HAIlepeJ PACCTOSTHUE: OJTHO-
POZHOCTH POCTpaHCTBa IoKasbBaer, 4ro Hu f(n), uu x(R™) or momo6-
HBIX MOIuUQUKAIM He mocTpaganT. Kcraru, BeJIMInHy «OJHOIIBETHOTO»
paccTosiHusl, KOTOPYIO MbI 3ampermaeM B mpobseme Hencona—Ipaémma—
XajBurepa, Tak U Ha3bIBAIOT 3GNPEWEHHBIM PACCTNOAHUEM.

Hamee, mpobsiema Bopcyka BbIpOC/Ia M3 THUIIOTE3bI TOTO 2KE aBTOPA,
KOTOpBIA Tpennonoxui, aro f(n) =n+ 1. Ecan 6b1 rumoresa noxrsep-
[UIaCh, TO 9TO ObLI ObI KPYIHBIN yCIeX, TaK KaK BO3HUKJIO ObI HOBOE
onpenenenne pazmepHoctu. K coxasnenunro, B 1993 r. k. Kan u I'. Kanan
nokazamm, aro f(n) > (1,203... 4 o(1))V™, u 570 JATO KOHTPIPHMEPLI
K rumorese B pasmepHocTsix 1 > 2014. Ceiiyac M3BECTHO, YTO THUIIOTE3A
BepHa mpu n < 3 1 HeBepHa 1pu N > 298. /o cux mop BOIPOC O TOM, YUTO
LPOUCXOJUT B pa3MepHocTax n € [4, 297], ocraercst oTKpuITHIM. UTO 110 2Ke
110 Besm4IuHbl f(n), TO HA JAHHBI MOMEHT HAMJLYYIIUE €e OIEHKU TaKOBbIL:

n

(1,2255...+0(1))V"™ < f(n) < g—l—o(l)

Hwmxuss onenka mosmydena B 1999 1. aBTopom 910t OPOMIIOPEI, & BEPXHSIS
ycranosisieHa O. [IIpammowm B 1988 r. Camoe yiuBUTEBHOE B 9TOH UCTOPUA
TO, 9TO TUIOTE3a BEepHA JIJId MHOXKECTB C TJIAJKOI TpaHUIeH, T.e., eCiau
rparuna ) HenpepbiBHO quddepennupyema, To f(Q) < n+ 1. Kazanocs
ObI, KaK OJIN3KO OT IVIQJIKMX TeJI JIO JIIOOBIX: OCTAJIOCH TOJBKO ITOCTPOUTH
HaJIEKAILY IO allIPOKCUMANNIO. AH HET, 1 Mbl YBUMM, 9TO YK€ KOHEUHBIE
MHO2KECTBA TOYEK B IPOCTPAHCTBE JAIOT KOHTPIIPUMEDHI.

B upobieme Hencona—paéma—Xaasurepa nambojee <«TparndeH»
TOT aKT, UTO JaxKe IPH 7N = 2 XPOMATUUIECKOE HUHC/IO HE HANWICHO.
NsgectHo smmib, uto 4 < x(R™) < 7, upudem obe OIEHKN IIPAKTUIECKH
TpuBnajbHbl. Hac, omHako, Oyzaer OOJIbINE MHTEPECOBATH 3/€Ch CJIydail
pactyreit pazmepraoctu. Ha ganHom sramne ycTaHOBJIEHBI HEPABEHCTBA

(1,239...+0(1))" < x(R™) < (3+o(1))".

IIepBoe U3 HUX IPUHAJTIEIKUT aBTOPY OPOIIIIOPHI, BTOPOE JoKa3aHo B 1972 r.
. JTapmanom u K. A. Pomxkepcom.

B npunnume, 6/m3ocTh AByX MpoOJieM BUIHA yKE MO UX ITOCTAHOB-
KaM; OJIHAKO JOJICO€ BPEMs OHU CyINEeCTBOBAJIM IIOPO3Hb: JIIOIW, 3aHU-
MaBIIIHECH OJHOM 3ajadeil, PEIKO HMEJU JOCTATOYHOE IIPeICTABJICHHE
o apyroit. Umenno coznanue II. Opankiaom u P. M. Yuiconom JsimHeiHO-
aarebpanaecKkoro MeToa, paCCMOTPEHHOTO HAMU B ITPOTILION JIEKIIWH, TTPHU-
BeJIO K BOSHUKHOBEHUIO €JIMHON TTOUBHI JJIsl PEIEHUs 3a0a4, U 9TO JIMIITHUH
pa3 MOATBEpPXK/IAaeT HAIl OCHOBHOM Te3WC. 3aJadl OKA3aJMCh HACTOJBKO
OIM3KUMU, YTO HEJABHO ABTOPOM OBLI IOJIy4YeH, IpybO rOBOPsi, TAKOM pe-
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syabrar: mu60 (R™) > (1,24...4 0(1))", mu6o f(n)>(1,23...+o(1))V",
T.€. MBI HE 3HAEM MOKA, KAK YJIy4IIUTh IIPEKHUE PE3YTbTATHI

Y(R™) = (1,239...4+0(1))",  f(n) > (1,2255...40(1))V",

HO MBI MOXKEM FapaHTHPOBATH CYIIECTBEHHOE YJIyUIlleHNe XOTs Obl OHOIO
n3 Hux (cM. [13,17]).

B nacrosimmeit 6pormope Mbl JOKAXKEM CJIEIYIOIIIE IBe TEOPEMBI.

Teopema 5 (II. ®panki u P. M. Yuicon). HUmeem mecmo nepagencmaeo
x(R™) > (1,139...4o(1))".

Teopema 6 (A. M. Paiiroposckuit). Iunomesa Bopcyka wesepra npu
ecex n > 561.

O06e TeopeMbl TAI0T HE CaMble CUIbHBIE PE3YJILTATHI CPEJH U3BECTHBIX,
HO U OHU y2K€ BechbMa OJim3KM K HAmIydmuM. K ToMy ke B HUX 3aJI02KEHA
CYTb IIOJIXO0JIa, a Halla 33Ja9a 37eChb COCTOUT B IIEPBYIO OYEpEeIb B YCBOE-
Huu cyTu upobsembl. Teopemy 5 Mbl joKaxkeM B § 2.2, Teopemy 6 —B §2.3.

2.2. /loka3areabCTBO T€OPEMBI 5

IIycte p — npocroe [ucio, n = 4p. Paccmorpum B8 R™ coBoKymHOCTB
BEKTOPOB

V=A_x=(x1,...,2n): 2 € {0,1}, z1+...+z, = 2p}.

[oustHo, uro |V|= C2P. IlpeanosoxumM, Mbl packpacuin Bce R” B y <

2p
< 20;71 IBETOB C 3ampeToMm paccrosuus +/2p. Torma m ma V ymuio me
n—1

0oJibllle Y KPacoK. SHAYMT, HAliJIETCs 1[BET, B KOTOPBI IIOKpaIieHo 6oJiee
p—1

geMm 2C),_; BekTopos u3 V. Ilo Teopeme 2 ®pankia—YHICOHa B paMKax

JAHHOTO I[BETA €CTh Iapa BEKTOPOB CO CKAJSIPHBIM IIPOU3BEICHUEM .

OjHako paccTosgHre MeXKJIY TAKUMU BEKTOPAMH DPABHO /2D, W 9TO MPO-

TUBOPEYHUT UCXOTHOMY IIPEJIITIOJIOXKEHNI0 0 packpacke. Ciie1oBaTe/IbHO,

Cr  _ _ (24om)"

X(R") > R

= )
20775

(1,139 ..+ o(1))™.

Bce 651 xoporro, s1a ojHa 6ejia: n He BCSIKOe, HO JIUIIbL PaBHOE yUeTBe-
pennomy tpocromy. Kak Obith? Hy2KHO BCIOMHUTH, 9TO MPOCTHIE TUCTA
BCTPEYAIOTCS JOBOJBHO 9aCTO B HATYPAJIBLHOM PAdy, a XPOMATHIECKOE
9HCJI0, OYEBUIHO, MOHOTOHHO PACTET C yBeJIndeHneM pas3mepHocTu. MTak,
IyCTh 7 — IIPOU3BOJIBHOE HATYPAJbHOE YHCJI0. PAcCMOTPUM MaKCHMAaJb-

/ n
HOE TIpocToe p, jjisgt Kotoporo n' =4p < n. Iloudaruno, ato p < 1 OpHako

B aHAJUTUYECKON TEOPUHU YHCEJI, KOTOpad 3aHUMAETCH, B YaCTHOCTH, U3Y-
YeHUeM paclpe/iesIeHNnd IIPOCTBIX YHCesI, €CTh TeopeMa, yTBepKJIAIoNiasd,
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YTO TIPH N — 00 JIs MOAXOASIIEro ¢(n) = o(n) HAlmeTCs: IPOCTOe YUCIIO P

Ha MHTepBAaJe (% —p(n), Z) (cm. [18]). B pesysbraTe nmeem

Y(R™) = y(R™) > (1,139... 4 0(1))" >
> (1,139...40(1))" () = (1,139. ..+ o(1))™.

Teopema mokazana.

2.3. Jloka3aTeJIbCTBO TeopeMbI 6

31ech MBI TaKzKe IpUOerHeM K IOMOIIN JTUHEHOI aire6pel; 0JJHAKO Ha
ceil pa3 MOBOBUTHCS IPUIETCS 3HAUYUTEIHHO OOJIbIIE.

IMosozkum m = 36 U paccMOTPUM COBOKYITHOCTH BEKTOPOB
Y={x=(21,...,zn):x; €{-1,1}, ;m=a0=2a3=1, 21-... 2, = 1}.
NubiMu ciioBaMu, Y COCTOUT U3 BCEX BO3MOXKHBIX 36-MepHbIX (—1, 1)-Bek-
TOPOB, Y KOTOPBLIX IEPBbIC TPU KOOPAMHATHI PAaBHBI €JIMHUIE U CPeIu
OCTABINUXCSA TPUIANATA TPEX KOOPAMHAT YETHOE HHCJIO IMOJIOKUTENTbHDIX.
[ousttHO, uTo || =232, VIMeIOT MeCTO JiBe OUeBH/IHbIE JIEMMBI.

Jlemma 3. Jas aobvix X,y €3 eunoareno (X, y) =0 (mod 4).

Jlemma 4. a) Jaa moboix X,y €Y umeem (x,y) =0 (mod 9) mozda
u MoAbKO moeda, Ko2da aubo X =y, aubo (X,y)=0;

6) Jas aobux X,y €3 umeem (X,y) =4 (mod 9) mozda u moavko
moada, xoeda (X,y)=4.

KaxxoMmy BEKTOPY X € ¥ IIOCTABUM B COOTBETCTBHE MHOTOWIEH Fy €

EQ[?J47 7y7l]
8

1 .
A =1 TI G-ty
i=1, i£4
Bueco y=(1,1,1, 94, ..., Yn), TaK 4TO B camoM jejie Fy 3aBuCHT JiuIIb

OT TPUNATU TPEX MTOCJIEIHAX epeMeHHbIX. Kpome Toro, KoadumnmenTs
MHOTOYJICHA Ha Celi pa3 palMoHAJbLHBL. TeMm He MeHee, JIETKO JI0Ka3aThb
CJIEIIYTOILYIO JIEMMY.

Jlemma 5. a) Jasn aobvx X,y € X umeem Fy(y) €Z;

6) Ecau x,y € X makxosv, wmo (x,y) =0 (mod 9), mo Fx(y) Z0
(mod 3);

B) Ecau x,y € ¥ maroswn, wmo (x,y)# 0 (mod9) u (x,y) # 4
(mod 9), mo Fx(y)=0 (mod 3);

JlokazaTebCTBO JIEeMMBI MBI OCTaBJjisieM yurareao. C MHOrOYIeHAMA
2Ke Fy MBI IIpojieIaeM 3HAKOMYIO HaM IIPOIEAYPY: PACKPOEeM CKOOKH 1 00-
pPEXKEeM CTEIEeHH MEepeMEHHBIX. TOJBKO Tellepb, Keaad JOOUThCS yCIexa,
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JIOCTUTHYTOI'O HAME B aHAJIOTMYHON CUTyallud paHee, Mbl JOJIZKHBI [10JIb-

30BaThCs TeM (aKTOM, 9To Y2 = 1, KOJIb CKOPO MBI UMEEM JIeJIO C IIPOH3-

BOJIBHOU KOOpPIMHATO BeKTOpa n3 Y. Hamomuum, uto B §1.3 MbI padborasu

C HYJIsMH M €JIMHUIAME, TaK 9TO TaM pedb ILIa O TOXKJIECTBE Y2 = Y.

B J11060M Cilyuae HOBbIE MHOIOUJICHBI, KOTOPbIE MbI TAKIKe 0003HAUNM F,

VJIOBJIETBOPSIOT JIEMME 5, ¥ Pa3MEpPHOCTb HPOCTPAHCTBA, ITOPOXKJIEHHOI'O
7

3THMH MHOTOYJIEHAMH, He TPEeBOCXOIUT Betmannbl Y. OF, (ecrecTBenHbIit
k=0
6a3uc B JJAHHOM IPOCTPAHCTBE COCTABJISIOT OJHOYIEHBI, KOTOPBIE 3ABUCST
OT TPUJIATA TPEX MEePEMEHHBIX, UMEIOT CYMMApPHYIO CTEIeHb 0 BCEM
[IEPEMEHHBIM HE BBIIIE CEMH U CTElleHb He BBIIIEe €JIWHUIBI 110 KarXKJOi
OT/IeTIbHO TTepeMeHHOI ).
Jlemma 6. Kaxosa 6vt Hu 664G COBOKYNHOCTIL BEKMOPOS

Q=1{x1,...,xs} C %,

cKaaaproe npoudsederue A00T 08YT PA3AUNHBLT INEMEHMOE KOMOPOUT He
CPABHUMO HU € HYAEM, HU C YEMBPOMA NO MOJYAI0 JeBAMD, €€ MOUHOCTIVD
ydosaemsopaem HePaBeHCmay

7
s =1Q| < Zczl’fs
k=0

HoxkazarenasctBo teMMbl 6. /[ocTaTodHO yCTAHOBUTD JIMHEHHYIO HE3a-
BUCUMOCTH MHOTOWIEHOB Fy, , ..., Fyx_ Hax Q (cuM. monosnenue u cp. §1.3).
JJtst 9TOrO0 K€ HY?KHO IPOBEPUTH, YTO TOXKJIECTBO

B (y)+...+cF(y) =0 Vyex

BBIIIOJIHEHO, TOJIBKO €CJIH €] = C3 = ... = cg = (0. CuepBa JOMHOXWNM TOXK-
JIeCTBO Ha OOLIMIl 3HAMEHATEJNb DANMOHAJILHBIX (II0 ONDPEIEIEHUI0) Yu-
cea ¢y, ..., Cs. B pe3ysbrare Mbl BOJIBHBI CIUTATDH, HE TEPssd OOITHOCTH,
910 €1, ..., Cs € Z. Jlasee, BCIOMHUM, UTO HMEET MECTO IYHKT a) JIeM-
Mbl 5. OH O3HAYAET, YTO MbI TAaKXK€ HE OIPAHUIUM ODIIMHOCTH, I10JIArast
Ci, ..., Cs € Z3 1 IOHUMAsI OTHBIHE PABEHCTBO HYJIIO B HAIIEM TOXKJIECTBE
KaK CpaBHeHHe 10 MOAYJI0 3 (MBI IPOCTO BBIHECEM <«3a CKOOKH» MAaKCH-
MaJIbHYIO CTEIEHb TPONKH, JeISAITy0 KayKIbIi 13 HANX KO3(MUIneHTos,
KOJIb CKOpPO, KOHEYHO, He BCE C; PABHbI HYJ/IO; HO B IIOCJIETHEM CJIydae
U JIeJIaTh Hevero, Bce u 6e3 Toro B mopsiake). VITak, ocTaeTcs MOKas3aTh,
YTO C HEOOXOMMOCTBHIO

Cl1 = Cg 0

\/

Kak u B §1.3, Bo3bMeM y = X;. Tor;xa (xl, 36

(mo
y)=36=0 (mod 9), u B cuy
IIyHKTa 0) JeMMbI 5 BBINOJIHEHO cpaBHeHue Fy,(y) #

0
0 (mod 3). B To xe
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BpeMst 110 ycsoBuio (X, y) Z0 (mod 9) u (x;,y) Z4 (mod 9) (j #1), Tax
YTO 33 CUET YTBEPKJIEHUS B) JIEMMbI 5 BBIIIOJHEHO CDABHEHUE ij (y)=0
(mod 3). CnenoBaTenbHO, JJisl KaXKJIOTO i BEJIUYUHA ¢; 00sI3aHA JEIUTHCS
Ha 3, 1 JieMMa, 6 JoKa3aHa.

Ocy1iecTBUM HEKOTOPYIO «HAJCTPOMKY» HaJ Y. DTO U OYJIeT MHOMKEe-
CTBOM, JIOCTaBJISIONINM KOHTpIpuMep K runoreze bopcyka. Mtax, Kaxmo-

My BEKTOPY X = (&1, ..., Tp) € ¥ COHOCTABUM BEKTOD
xkx = (z;-xj), 1=2,...,n, j=4,...,n,
T.e.
X*X = (ToX4, Toks, ..., Toky, T3Tq, - . .
2 2
ey T3Tyy Ty ey T4y oy Ty o vy T )

[Toyunrcs HOBasi COBOKYITHOCTh BEKTOPOB X, 3JIEMEHTHI KOTOPOIl HaX0-
JSATCS, KaK HETPYIHO BUJETH, BO B3aUMHO OJIHOZHAYHOM COOTBETCTBHH C
3JeMeHTaMH COBOKyMHOCcTH Y (u, B wactHocTH, |X*| = 232). Ouesusno,
qro X* CR™ ¢ m=(n—1)(n—3). Ognako, Ha caMoM Jiejie, MOKHO CKa-
3aTh ropaso OoJibIle: X* JIEKAT B MOANPOCTPAHCTBE mpocTpancrsa R™,
mveromeM pasmeprocts d < C2_; + (n — 3) =561, Tak 9TO0 B KOHETHOM
cuere ¥* C R%. Hamre yTBep:K /IeHIe BHITEKAET U3 JIMHEHHBIX COOTHOIICHMIT
m? =1, x;7; =x;T;, T2Tj; = T3Tj, T2T3 = 1, KOTOPBIE BEPHBI JJId KOOPJAUHAT
JII000T0 BEKTOpa X * X € 2*.

Jlemma 7. Jluamemp cosoxynrocmu X* docmuzaemcs Ha Mex U Moab-
KO Mexr 6eKkmopar X x X,y *Yy, Oas xomopwx aubo (x,y) =0, aubo
(X7 y) =4.

JoxkazarenabcrBo seMMbl 7. I3BecTHO, 9TO (CM. JIOIOJIHEHHE)
xxx—yxyl? = (x#x,x%X) 4+ (y*y, y *y) = 2(x*X,y #y).
Bwmecre ¢ Tem

n

n n n
(x*x,y*y) = szixjyiyj = inyi Zl‘iyi =
i=2 j=4

= ((xy)-D(xy)-3)

(MBI He 3a0bIBaeM, UTO IIEPBbIE TPH KOODAMHATHI KaXKJIOTO BEKTOPA U3 X
dbuxcuposansr). Takum o6paszom,

xxx—y*y[> =2(n—1)(n—-3) - 2(x*x,y*y),

U MaKCUMyM JOCTUTAeTCs, KOJIb CKOPO CKaJspHOe IIPOU3Be/eHUe MUHMU-
MaJjbHO. A OHO MUHHMMAJBHO (BBHY JIEMMbl 3) TOIJIA U TOJBKO TOIJA,
korja 6o (x,y) =0, smbo (x,y)=4. Jlemma 7 nokazaua.
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32
[Ipennonoxkum, Ml pasbum ¥* wa f < ——— 4vacreil meHbluero

auaMeTpa: XF = Q’{UUQ? Torma Haiimercss Takas dacTb {27, 4TO

7
Q| > > Ck,. Pacemorpum mpoobpas (2; muozkectsa 2 B Y. Kax Mbr
k=0

3HaeM, e_ro QJIEMEHTBI HaXOJATCA BO B3aMHO OJHO3HAYHOM COOTBETCTBUN

7
¢ Bektopamu u3 QF. Crajno 6bith, || > Y. Ck. To gemme 6 B Q; ectnb
k=0
JIBa PA3JIMUHBIX BEKTOPA X, Y, y KOTOPBIX Jmbo (X,y) =0 (mod 9), smmbo
(x,¥) =4 (mod 9). Oxnako B cmiy Jsemmbl 4 jubo (x,y) =0, nmbo
(x,y)=4. I B ToM, U B JpyroM cjlydae Ha BEKTOpaX X * X,y *xy € {2F
JIOCTUTAETCs IUAMeTD COBOKYIHOCTU L (CM. jieMMy 7), & 9TO IPOTUBOPE-

YUT HallleMy HU3Ha4YaJIbHOMY IIDEIAIIOJIO2KEHUTO. HOJIy‘—IaeTCSI, qTO

32
F(561) > F(5%) > —2— > 758 > 562.

k
> Oy
k=0
Konrprpumep k rumore3e Bopcyka Mbl mocTponsn (hakKTHIECKH ITPH
Beex d € [561, 756]. OmHAKO JIErKO DPACIPOCTPAHUTH KOHCTPYKIMIO U HA
GoJsibIle pa3MepHOCTU. UnuTaTesro mpejjaraercs CaMOCTOATEBHO Cle-
JIATH 9TO, XOTSI UMEETCS U CChLIKA HA CTATHIO, B KOTOPON COOTBETCTBYIO-
it pe3ysbraT ObLT MoJydeH ToraarHuMu mKogbHuKamu A. Taiidyrmm-
upiM u 1. T'ypesudenm (cum. [19]). Teopema 6 nokaszana.

Sagaun

8. Hoxkaxure, aro Besauunnbl X (R™) u f(n) KoHeuHsbI.

9. (Teopema 1. Jlapmana, K. A. Podocepca, I1. Opdéwa u B. Ilow). 13
pesybTaTa 3ajaun 3 BeBeauTe onenky X (R™) > cen?, ¢> 0.

10. (Teopema /1. Jlapmana). I3 pesynbrara 3amadu 4 BbIBEJUTE OLEHKY
X(R™) >cn3, ¢>0.
11. (Teopema /. Jlapmana u K. A. Podoicepca). Toxazkure, ato x(RM1) >19.

12. Tycre B C R™ —map. Jdokaxure, aro f(B)<n+ 1. MoxHo siu pas-
OuTH Mmap Ha n JacTeil MEeHBITero auaMerpa’

13. (Teopema B. Baticc6azxa). Tonbrrajitecs ciaerka MoaudHUIpoBaTh J10-
Ka3aTeIbCTBO TeopeMbl 6 ¢ TeM, 4ToObl OIPOBepPruyTh FUIoTe3y Bop-
cyka B pazmepHocTH 560.

14. TIycrs V — npousBosibHAs COBOKYIHOCTH n-MepHbIX (0, 1) — BEKTOPOB.
IIpu kakux n MOXKHO yTBepkKAaTh, uro f(V)<n+ 17



JIekuug 3

Yucna Pamces

3.1. Onpenenenns u GopMyJIUPOBKH PE3yJIHTATOB

Hayxka, koTopyto npuHaTO Ha3bIBATh «Teopueil Pamces», Hagasra 6ypHO
pa3BuBaThCH eie B nepBoit nosoBuae XX B. Hesb3st ckazaTh, 9T0OBI caM
Pawmceii, ormy6/immKoBaBIIuil 3aMeYaTEIbHYIO U, [I0 CYIIECTBY, SIOXaJbHYO
crarbio B 1930 1., ObLII UMEHHO OCHOBATEJIEM HAYKU; U JO HETO Pa3/IMIHbIe
ACIIEKTHI MPOOJIEMATUKYE HE pa3 pPacCMaTPUBAJIUCh MHOTUMHU aBTOPAMHU.
Bce xe pesymaprar Pamcess siBuiicst onHO# u3 TVIaBHBIX BeX B (hOPMUPO-
Bannu Teopuu. Eciam roBopurh coBcem 00110, Teopusi Pamcesi cocrout
B OTBICKAHWH <«HEM30EXKHBIX 3aKOHOMEPHOCTEl» BHYTpPU Xaoca. 1yTb 60-
Jieeé KOHKPETHO MOXKHO C(OPMYJUPOBATH OCHOBHYIO 3aJa4y 3TOI HayKH
CJIeYIOIUM 0bpa3oM: TpebyeTcs JI0Ka3aTh, YTO, KaK Obl Mbl HU pa3dmiu
HEKOTOPYIO COBOKYITHOCTH OOBEKTOB HA YACTHU, HAWJIETCA YaCTh, COIEPKA-
mast OMPEJIEJIEHHY IO MOJACTPYKTYpy. OHA U3 KJIACCHYIECKUX TEOPEM TeOo-
puu Pamces npunaggiexxut B. JI. Ban nep Bapaeny: npu at06om pazbueruy
HAMYPAALHO20 PAOA HA KOHEUHOE YUCAO Hacmel 8 HEKOMOPOT wacmu ecmb
cKoAb Y200Ho daunnvie apudmemuneckue npoezpeccuu (em. [20]). TIo reo-
puu Pamcest umeercst obimupuast aureparypa (cM., Hanpumep, [1,4,21,22]),
U MBI HE CTAHEM JIaXKe TBITATHCS OXBATUTH B ITON JIEKIIUA BCE MHOTOO0-
pasue «paMceeBcKux» 3aja4. Hac GyieT nHTepecoBaTh MMEHHO Ta 3a/1a4a,
KOTOPYIO BIIEPBBIE paccMOTpeJs caMm Pamceii B cBoeil OCHOBoOIOJIaramwInei
pabote 1930 r. Ilepeiinem K ee mocTaHOBKE.

IIycrs K, —310 nosmeiii rpad Ha n BepmmHax (CM. JOIOJHEHUE).
st Kaxk10il mapbl HATYPAJILHBIX S, ¢ oupeneauM wucao Pamces R(s, t)
Kak MuHEMajbHOEe N € N Takoe, uro mpm J060it packpacke pebdep K,
B KpacHBI u cuuuit misera jinbo Haitmerca Ky C K,, y KoTroporo Bce pebpa
Kpacuble, jqu6o Haiimerca K; C K,, y koroporo Bce pebpa cunume. Ilo-
HSITHO, YTO U 3JIeCh PeYb UJET O HAJMYUUA «PEryJIsiPHOI MOJCTPYKTYPhI»
B CKOJIb YTOJHO <«XaOTHYECKOM» Pa30MeHUH MHOXKECTBa pebep IOJTHOro
rpada Ha nBe YacTu («PACKpPacuTb» U «pPasOUTh» CYyTh CHHOHUMBI B Ha-
meM KOHTEKCTe). YTBep:KeHue o ToM, uro R(3, 3) =6, MHOrHme 3HAIOT €O
IIKOJIBI. 3BYYUT OHO OOBIYHO TaK: «CPeju JIFOOBIX IMEeCTH YeJIOBeK JIMOO
Tpoe JPyr' C APYroM IIOMapHO 3HAKOMBI, JUOO Tpoe APYr C JAPYyrOM IIO-
MAPHO He 3HAKOMBI». 371eCh pebpaM KPacHOT'O I[BETA OTBEYAIOT, HAIIPUMED,
mapbl 3HAKOMBIX JIHOJIEl, a pebpaM CHHEro IBeTa — Hapbl HE3HAKOMBIX.
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B sroii cBs3u yao0HO 1epedopMyInpoBaTh 331a9y CIEAYIONUM 0OPa30M.
Mpr ckazxem, uro R(s, t) —aro munuMaibHoe n € N, Takoe, 4ro y j1o60ro
rpada G = (V, E) na n BepumHax smbo w(G) > s, m6o a(G) =t (cm.
noronuaerne). OTMETUM, 9TO [0 MOHATHBIM IpUIUHAM 4ucio R(s, s) upu-
HSITO HA3BLIBATDH «IUATOHAJILHBIM .

IepBrlii 2ke BOIPOC, KOTOPBIl BOZHUKAET B CBS3U C YHCIaMu PaMces, —
3TO BOIIPOC O KOPPEKTHOCTU UX OIPEJIEICHHs: [09eMy, COOCTBEHHO, TAKOe
MuHAMaJbHOE 1 cymiecTByer? Cpa3y sICHO, KOHEYHO, UTO mpobJieM HeT
¢ sesmunnamu R(1,t) =1 («Bce Kpokomwibl B peke [ly6GHa KpacHbies )
n R(2,t) =t. Onnaro orbicKanne Bemansbl R(3, t) —3ajada yxe Kpaiine
HeTpUBHAJIbHAS, 1 Juilb B 1995 r. KuMm ycTaHOBUII MpaBUIbLHBIN OPSIIOK
pocra dyukimn R(3, t)

2

(162+ (1 ))ltt R(3,1) < (1+o(1))£.

Pasywmeercsi, 351ech HeT TO9HON popmyiibl, Kak mpu s =1, s =2. Tem He
MeHee, Pe3yJIbTAT COBEPIINEHHO BbLIamomuiicsa. Mexay mpounM, HUKHsISA
OIleHKA, KOTOPasi, COOCTBEHHO, U MPUHAIEKAT KuMy, mMoIydeHa ¢ moMo-
IO BECbMAa TOHKUX BEPOSITHOCTHBIX cOOOpazkeHuil. TaM u mceBmocygaii-
Hble Tpadbl, 1 MAPTUHIAJIbI, 1 MHOTHE JIPYIUe UCKJIIOYUTEIBHO ITPOIBUHY-
Thle UHCTPYMEHThI. ECTeCTBEHHO, MBI HE CTaHEM M3JIaraTh B 3TOU OpOIIIope
COOTBETCTBYIOIIEE PACCYK/IEHNE, 3aHUMAIOIIee B OPUTMHAJIBHON YKy PHAJIb-
HOIi CTaThe YeTBEPTH COTHU cTpanull. HaMm eme Gyaer 0 9eM MOrOBOPHUTh.
Bupouewm, cirerka Oostee ciiaboe HEpaBEHCTBO, HeXKeJIn HepaBeHCTBO Kuwva,
MBI BKPATIE 0OCYIM.

Yro kacaercs unces R(s, t), s >4, To TyT Bee MOKpbITO MpakoM. OjiHa-
KO KOe-4T0 (1 Jake, CKopee, MHOTO€) u3BecTHO. Hanpumep, Mbl 3HaeM, 9TO
R(s, t) Bcerma cymecrsyer. IlepBbiM, ycranoBuBIuM 310, 661 cam Pam-
ceif, HO ero BEpXHUE OIEHKHU Yepecdyp IPOMO3JIKHU, U Mbl UX HE TPUBOJIUM.
3aro B 1934 1. I1. 9paém u I'. Cekepern 1oKa3ain CIeIyIONYIO TEOPEMY.

Teopema 7 (II. 9puém u I'. Cekepem). Hmeem mecmo pexyppermroe
HEPABEHCTNBO

R(s,t) < R(s—1,t)+ R(s,t —1).

Teopema Dpaéma—Cekeperia nMeeT HECIOKHOE J0KA3ATEIbCTBO, U
MBI OCTaBJIsIeM ero uurareso. HerpymHo 3METHTL, UCXONA U3 KIACCH-
TeCKOr0 KOMOMHATOPHOTO ToxkiaectBa CF = C’k + Ck_|, aro Bmecre
¢ HavaJdbHbIME yciaoBuamu R(1, s) R(s, 1) = 1 peKyppeHTﬂoe HEpaBEeH-

cTBO Biteder orenky R(s,t) <O} i B LIaCTHOCTI/I, JIMarOHAJILHOE YHUCIIO

Pamcest He npeBocxoauT Bestmaunel C5 o ~ rae ¢ >0 — abcomoTHaA

\/_7

IIOCTOsIHHAS, JIETKO BBhIBOaUMas u3 dpopmynsl CTupiinHra.
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ITopaszurebHO TO, 9TO 3a MPOIIEIIINE C MOMEHTA IIyOJTUKAIIMH CTATbHI

45
/s

HE YJIYUIInI. 9TO, HECKOJIBKO O30PHOE, 0OCTOSITETHECTBO, JOIKHO TOJIHKO
IIOJICTErUBATh HAC K O0phOe ¢ mpobJiemoii. BripoueMm, koe-uto jpokaszano. Ha
JIAHHBI MOMEHT CaMbIil CHJIbHBIN pe3yibrar npuHaiexxur 1. Koriony,
KOTOPBIN TTOKa3aJ OYKBaJIbLHO TO HA3aI, ITO

Opuéma—Cekeperia 72 roza, HepaBeHcTBo R(s, s) < HHKTO, IO CYTH,

In? s

R(s,s) < e "nlns -4° 4 > 0.

2

IMadoc onenku B TOM, uro dyHKIUA €(s) = evllnnl—nss cTpeMuTcs K 0ecko-
HEYHOCTH ObICTPEe JIFOOro MOJMHOMA, (TAK YTO 3Ta ONEHKA Ky JIydIle
HEPABEHCTBA C KOPHEM U3 § B 3HAMEHAaTese), a ee cJabocTb 0ByCIOBIEHA
TeM, UTO KaK /S, Tak u e(s) — GpyHKiun, 6eCKOHEUHO MaJible B CDABHEHUN
C 9KCIIOHEHTO 4°, BBUIY Yero B 0DOUX CJIydasix Mbl MOIJIA ObI 3aIlACATH
HepaBeHCTBO Tak: R(s, s) < (4+0(1))*. Korga mbl paGoranu ¢ mpobieMa-
Mmu Bopcyka u Hejncona—3paéma—XaaBurepa, HaC He CJIMIIKOM 3a00THII
BHJI, <O MAJIOTO», a Telepb BOT MOJU YK Thl — KOBBIPSEMCS U C HUM; HE OT
«xoporeii x)uzuu» 31o. Ormerum eme, 910 DyHKIWA €(S) COBEPIIEHHO
HEOYKUJIAHHO MTPOSBUTCS B MHOM KOHTeKcTe Huke. Ckopee Bcero, To Gyier
[IPOCTOE COBIIJIEHNE, JIa KTO 3HAeT?

KoJsib cKOpo ¢ BepXHUMHE OllEHKaMU MbI 60JIee NI MeHee pa300paJuch,
WHTEPECOBATL HAC OyJlyT OTHBIHE ONEHKN HizKHUEe. HacKoIbKo, Tak CKa-
3aTh, 10X Uan xopomr pedyiabrar Kommona? Ceituac Mbr cchopmyaupyem
JIBE TEOPEMBI: Pe3yJIbTaT MEPBOI M3 HUX, KAK Mbl YBUIUM HUXKE, CJIEIKA
cjabee pe3yJibTara BTOPOIL; IIJisi HAC 2Ke aKTyaJIbHbI OYJIyT MPEXKIE BCEro
METOJbI JI0KA3aTeJIbCTBA, K KAKOBBIM MbI, OE3YCJOBHO, OOpATUMCS UyTh
[IO32Ke.

Teopema 8 (II. Dpuém). FEcau n u s makxogvl, 4mo 0;221*052 <1, mo
R(s, s) >n.

Teopema 9 (/Ix. Criencep). Ecaun u 8 makxogvi, wmo

e(C2C52+1)217% < 1,

mo R(s, s) >n. 3decv e=2,71 ... — ocHo8aHUE HAMYPAADHOLO AO2APUPMAE.
HmMmeror MecTo cileacTBUS.
Caencrue u3 Teopemsbl 8. [Ipu s > 3 svinoanena ouenka

R(s, s) > [23].

CaenctBue u3 TeopeMbl 9. Bunoarena ouerka

R(s, s) > g(l —|—0(1))32§.
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Teopema 8 GbLIa Hokazana Ipaémem B 1947 r., a Teopema 9 mosrydyena
Cuencepom Jjmmib npuMmepHo 30 Jier ciycTs. Buano, 94To pasHuna MexKiLy
PE3YJILTATAME OIISTh-TaKU (KAK U B CJYy4ae BEPXHUX OIEHOK) HE CJUIIKOM
BeJIMKa: U B TOM, U B APYIOM CJIy4Yae pedb UIET O HEPABEHCTBE BUIA
R(s, s) = (V2 +0(1))*, upudem creHcepoBCKOe HEPABEHCTBO BOBCE HUKAK
JIO CHX IIOp He yJrydiineHo. rak,

(V2+0(1))* < R(s, s) < (4+0(1))°,
nii, 6oJiee TOYHO,

V2

e

In? s

(1‘1'0(1))82% < R(S7 5) < ei’ylnlns ~4S.

JItoboe HOBOE ycuiieHHe OIEHOK OYJIeT 3/1eCh OIPOMHBIM JIOCTHYXKeHreM!

Teopemy 8 mbI joKaxkeMm B § 3.2, Treopemy 9 — B § 3.3. Heckosibko cjioB
O TOM, KaK BBIBOJUTD U3 JAHHBIX TEOPEM CJIEJICTBUsI, Mbl CKakeM B §3.4.
B §3.5 MBI 06CyIuM HIDKHIOIO OIEHKY Juist R(3, t).

3.2. Jloka3aTeibCTBO T€OPEMBI 8

Ham Hy»kHO 1moKa3aTh, 94TO IIPH HAIlEeM 7 CyIIeCTBYeT pacKpacka pebep
K, B KpacHbBIil U CHHUI I[BETA, IPU KOTOPOIl Bce moJiHbIe moarpader K
rpada K, HeomHOIBeTHBI (T. €. CoJepKaT U CUHUE, U KpacHble pebpa). Cy-
[IIECTBOBAHUE PACKPACKU MBI JIOKAYKEM C ITOMOIIbIO TEOPUH BEPOSTHOCTEH.

. 1
HpI/ICBOI/IM KaxK/1I0My pe6py TOT MJIM WUHOU IIBET C BEPOATHOCTHIO —,

IpPUYEM TAaKOTO POJIa CIYYaiiHyIo pacKpacKy pebpa MbI OyIeM OCyIIeCTB-
JIITh HE3aBUCHMO OT TOTO, KAK PacKpallleHbl Jobble Ipyrue pebpa. MHade
rOBODS, MBI CUMTaeM Bce packpacku pebep K, B JBa IlBeTa PaBHOBEPOSIT-
HBIMH, TaK 9TO, €CJIM X — HEKOTOpas KOHKPETHAs PACKPACKa, TO BEPOST-
HOCTB ee BO3HHKHOBeHus ecTb P(y) =2

Mycrs K,, = (V, E), tne V={1, ..., n}. Jna xaxmoro S CV, |S|=s,
BBEJIeM cobbiTue (M. gonosnenue) Ag, cocrodiiee B TOM, 9TO Bee pebpa
nosiHoro rpacda K, ¢ MHOXKeCcTBOM BepHiuH S onHomseTHbI. O4eBHIHO,
P(Ag) = 21-C2 . Creposarennio,

P< U A5> < Y P(4g) = €521,
ScV ScV
YcaoBue TeopeMbl JaeT HAM OIEHKY

P< U A5> <1,

ScVv
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ScV
Ho B cobbrruu () Ag J1exkaT IMEHHO Te PacCKpacK#, KOTOpPbIe HAM HY K-
ScV
Hbl. Pa3 BEepOSTHOCTDH 9TOTO COOBITUS TIOJIOXKUTEIbHA, TO U COOTBETCTBYIO-
e PacKpacku CyIecTBYIOT. Teopema jloka3aHa.

OrMeTnM, 9TO OIATL-TAKM HUYEro He CTOMJIO J0Ka3aTh TEOPEMY He Ha
BEpPOATHOCTHOM, a Ha KOJUIECTBEHHOM fA3bIKE. TeM He Menee, coobpazke-
HUSI TEOPUM BEPOSITHOCTEH TYyT yKe KaK HeJIb3sl KCTaTh, U MbI ybemmmcs
B CHJIe MeTO/a IIpU J0Ka3aTebCcTBe TeopeMbl 9. TaM BeposiTHOCTH pacKpo-
eTcsd BO BCeil cBoeil Kpace.

U, CTaJIO0 OBITh, P( N A_S) >0 (uepra 03HAUAET OTPUIAHHUE COOBITHS).

3.3. loka3zarejbCTBO T€OpeMbI 9

31ech MBI BOCIIOJIb3yeMCsl IIEHTPAJIBHBIM IIOHATHEM TEOPHUH BEPOSITHO-
cTell — MOHATHEM HE3aBUCUMOCTU COOBITHI. OKaXKeTCsl, 9TO €CJIU COOBITHS
Ay, ..., A, «HE CJUINIKOM CHJIBHO» 3aBUCUMbI, TO IPU HEKOTOPBIX YCJIO-

BUSX JIETKO OIEHUTDh CHU3Y Besnanny P ( N Ai); a MBI IIOMHHM, 9TO TaKas
i
BeJIMYIMHA KpaliHe MOoJIe3HA [IPU PEIlleHnn Halel 3amadn. B meiicrBuTesb-

HOCTHU, OT 9TOH BEJMYIWHBI U JETbCs HeKyma. KoHedHO, MOXKHO ObLIO OB
[BITATHCS PACIUCATH ee 110 «(DOopMyJie BKJIIOYCHUI U UCKJIOYeHuit» (CM.,
Hanpumep, [1]), HO 9T0 BecbMa HeGJATOJAPHOE W MAJIONEPCIEKTUBHOE 3a-
HsiTre. BMecTo Hero Kax pas U IPUMEHSIETCS TOT MOIIHBIA MHCTPYMEHT,
0 KOTOPOM ceiiyac NOoiJeT pedb.

IIycrs Ay, ..., Ay — COOBITHS HA KAKOM-TO BEPOATHOCTHOM IIPOCTPAH-
cree (Q, F, P). Mbl ckaxkeM, 4T0 A; «HE3ABUCUMO OT BCEX OCTAJBHBIX CO-
ObITHil, KPOMe, OBITH MOXKeT, d», ecu HafigyTcs codbitust A;,, ..., A; .,
d=0,1,2,..., OT COBOKyIIHOCTH KOTOPBIX A; He 3aBHUCHT (CM. IOIOJHE-
ure). Ecim d =0, T0 MBI OpuxomuM K OOBIUHOM HE3aBHCUMOCTH B CO-
BOKYIIHOCTH, M, 9eM OoJibile d, TeM CTeleHb COBOKYITHON 3aBHCHMOCTH

)

HAIMMX COOBITHI B HEKOTOPOM CMBICJIE BhIe. VIMeeT MecTo 3aMedaTebHast
JileMMa, KOTOPYIO, BOOBIIE-TO, CJIe0BAJIO Obl HA3BIBATH TEOPEMOH (J1a Tak
YK CJIOZKUJIOCD).

Jlemma 8 (JI.JIosac). Ilyemo Ai, ..., A, — cobumus Ha KaKOM-MO
seposimuocmmom npocmpancmee (2, F, P). Ipednosooicum, P(A;) < p
das moboeo i. Honycmum, danee, kaoscdoe A; mesasucumo om ecex
ocmaavrbir cobvmut, kpome, Gwms mooicem, d, npuswem ep(d+ 1) <1
(3deco e=271...). Toz0a

P(QE) > 0.
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Jlemmy 8 mazwiBaior «Jlokasnbnoit jiemmoit JloBacay. OHa ObLIa JT0Ka-
3ana B cepeaune 70-x rogos XX B., u 3a nporremmize ¢ Tex mop 30 jeT oHa
HAIILJTa BEJIMKOE MHOYKECTBO Pa3HOOOPa3HbIX mpuMeHeHuit (cM. [4]). Mbr ze
CTaHEeM JOKA3bIBATH JIEMMY 3J1€Ch, OTChLIasl 9UTATEIS K COOTBETCTBYIOIIEH
Jiareparype. 3aMeTHM TOJIBKO, YTO [IPH KEJIAHUK YATATEJIb BIIOJIHE MOXKET
JIOKa3aTh JIEMMY U CaM. 3aMeTHM TaKyKe, 9TO 3arajJ0jvHasi KOHCTAHTa €
B (OpPMY/JIUPOBKE CYIIECTBEHHA U HUYEM MEHBIIAM ee B ODOIIeM ciiydae
3aMEHUTDb HeJb3s. Bripodyem, 000CHOBaHME 3TOr0 haKTa COBCEM HETPUBU-
AJIBHO, U OHO-TO YK TOYHO BBIXOJIUT 32 PAMKHU JIAHHON OPOIIIOPHI.

[TpumennM JOKAIBHYIO JIEMMY K HaIe# curyaruu. Y HAC B POJIU COObI-
THUI BBICTYIIAIOT MHOXKECTBA PACKPacOK Ag, Olpejie/leHHbIE B IIPEIBIILY IIEM
naparpade. TaMm ke Mbl HaKTUIECKH JTOKA3AU, ITO P = 21-C%. Ocraercs
pazobparbes ¢ Benmuanuoi d. OgHAKO sICHO, 9TO JI060e Ag HE 3aBUCUT
or coBoKynHocTH Tex Ag/, y koropbix |SNS'| <1 (upocro rorma y co-
OTBETCTBYIOIINX MOJHBIX I'padOB HET o0IuX pedep, W JIerkKo MPOBEPUTH,
9TO pacKpacka J60ro U3 HUX HUKAK He BJIUSAET Ha PACKPACKY JPYTOro).
Orciona ciemyet, 9To d €CTb, HAIIPOTHUB, KOJMIECTBO TAKUX ITOJIMHOYKECTB
S"CV (cm. §3.2), uro [SNS'| > 2. [onsitro, uro d < C2C5~2, u Teopema 9
JIOKa3aHa.

3aMeTuM CIIepBa, ITO OIEHKY BeJUInuHbI d MBI cjierka orpyomin. [Ipo-
BepbTe CaMOCTOATENBHO (cp. §3.4), 9TO 3TO HAC CMYyNIATH HE JOJIKHO.
Hasee, Mbl 3HaeM (n Mbl ybGeauMcst B 9TOM B cjeiytoreM mnaparpade),
4TO0 Teopema 9 He MHOTUM cuibHee Teopembl 8. Kazajsoch Obl, U 9TO
[oCJIe TOrO MPOKY B JIOKaabHON JiemMe? CTOMJIO Jin ee Tak XBajuTh? A
IIeJIO B TOM, 9TO B JAHHON-TO KOHKDPETHOI CATyalnyun 3aBUCUMOCTEH cpenn
HAIMX COOBITHI OY€Hb MHOTO, U 9TO, K COXKaJieHuIo, Bpeaut. B § 3.5 mbr
YBUJIMM, 9TO ObIBaeT MHade: K OleHKe umcia R(3,t) sokagpHas JeMma
Ky/Jla Kak 60Jjiee IPUMEHNMA, HEXKEJN YeM K OIEHKE JIMAaroHaJIbHOrO YUCIIA.

3.4. ObcyxeHue ciieJicTBUil n3 TeopeM 8 u 9

CoBceM TIPOCTO BBIBOIMTCH CJIEICTBUE U3 TeopeMbl 8. B camom gerte,
S
CS

n
n < e 1, KOJIb CKOpPO,

52

272

mbt mmeeM Cf < —-. 3Haqur,
s!
2
5 2 1+§
2 2 _s" s 2772
0210 <« 22l 75t =
s! s!
1+§

Herpymuo BuseTh, 9To <1 npm s = 3.

s!
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Anasintrdeckasi BO3HS CO BTOPBIM CJIEJICTBHEM HOCHUT CJIerKa 6Ooiee
MIPOTUBHBII XapaKTep, HO, IO CYIIECTBY, AEsITeIbHOCTh aOCOIOTHO aHAJIO-
rugHasg. MBI OCTaBJIIeM ee YATATEIO0 B KAYeCTBE HECJOXKHOTO M, HA HAII
B3IVIA/T, I0JIE3HOTO yIIPDAXKHEHU.

3.5. O6cyxaenue nmxkHeil onenku aius R(3, t)

B sTom nmaparpade Mbl 00Cy UM OIEHKY

2

R(3,t) > ¢ c>0.

m7
Ora oneHka 4yTh cyiabee TogHOrO HepasencTBa Kuma (cm. §3.1), Ho otin-
qpe B JorapudM pa3 B ONPEJIEJEHHOM CMBICIE HE CJIMIITKOM CYyIeCTBEHHO,
a TeopeMmy Kuma Ham 371eCh Bce paBHO He U3JIOXKUTH. JIjIs1 JJoKa3aTeIbcTBa
oreHKkn norpebyercss 6osiee oOIUit BapuaHT JIOKaJIbHOM JemMbl JloBaca,
HEXKeJIM TOT, KOTOPBIA comepkurcst B JieMMe 8. B cBOl ouepejpb, Jiem-
Ma 8 OKaXKeTCs YaCTHBIM CJIyIaeM JIEMMbI 9, KOTOPYTIO MbI C(OOPMYIUPYEM
HIZKe. 3aMeTuM cpas3y, 9To 0e3 jiemmbl JloBaca HUYEro Jiydinero, 4em
HepaBeHcTBO R(3,t) > ¢t, ¢ > 0, ycTaHOBUTBb, N0 CYTH, Hesb3sl. Takum
obpa30oM, ceifidac Mbl, HAKOHEIl, IIOJYYUM BEChbMa 3HAUYUMYIO AIIOJIOTHIO
MeTOoJIA.

IIycrs Ay, ..., A — coOBITHS Ha HEKOTOPOM BEPOSTHOCTHOM IIPO-
crpanctse (2, F, P). Beegem nousrue opuenmuposarnozo epaga (opepa-
da) sasucumocmedti, a UMEHHO, paccMoTpuM Job6oi oprpad G = (V, E),
Yy KOTOPOIo

V={A1, ..., Ay}

U KaxkJoe cobbiTue A; He 3aBUCAT OT COBOKYITHOCTH COOBITHUI (CM. JIOTIOJI-
HEHHe), ¢ KOTOPBIMU OHO He coeiuHeHo pebpamu. MHbiMu ciioBaMu, eciu

J1, -+, jk — 9TO BCe HHIEKCHI, AJs KOTOPEIX {A;, A; } ¢ E (momuepkueM,
ITO MOPSIIOK 371eMeHTOB B mape {A;, A; } Baxen), To A; He 3aBucur
OT COBOKYIHOCTH cOOBITHI Aj, ..., A;, . U3 onpenenenus BUAHO, UTO,

BOODIIE TOBOPs, Oprpad 3aBUCHMOCTell 3ajaercs HeogHozHaqno. OgHako
3aBUCUMOCTHU MEXKJYy COOBITHSIMU OH OTJIUYHO VJIaBJIMBAET: yxK Ko A;
u A, HaIIpUMep, 3aBUCUMBI, TO HEIIPEMEHHO B oprpade IodBUTCA 1 pebpo
{4;, A;}, u pebpo {A;, A;}. Boiee Toro, cymecTByoT TOHKIE CHTYALUH,
KorJa pebpa «Tyna-o6paTHO» BECTU He 00si3aTeIbHO. DTO CBI3aHO C pa3-
JINYUSIMUA B TIOHSITUSIX, CKayKeM, IOIMapPHON M COBOKYITHON HE3aBUCHMOCTH
(em. samaay 21). st mymedl sSICHOCTH NIPHBEJEM IIPOCTOH U B TO K€
BpeMsi HamboJiee aKTyajbHBINA it Hac mpumep. llosoxkum n =15, s =3
B obo3HaveHusx §3.2 U paccMoTpuM coObITHs Ag, KOTOpbIE (DUTYPUDPYIOT
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Asg,
ASz \ AS4
Ag, As,
ASw ASG
As As
9 ASS 7
Puc. 1

B TOM 2Ke naparpade. 3aHymMepyeM 3Tu COObITHS B CJIELYIOIIEM IIOPSIJIKE:
S1 = {13 27 3}3 Sy = {13 27 4}3 Sz = {17 23 5}3 Sy = {13 37 4}3
Ss ={1,3,5}, Se=1{1,4,5}, S7r=1{2,3,4}, Ss=1{2,3,5},
Sg ={2,4,5}, Si0=1{3,4,5}.
IMonsitao (cp. §3.3), uTo Ha puc. 1 n306parkeH HaMbOJIEe ECTECTBEHHBIH Op-
rpad 3aBucuMocTeit Jjia cobpituit Ag,, ..., Ag,,. Ha pebpax mbr opuenra-
A0 HE YKa3bIBaeM, HO TOJIpa3yMeBaeM, ITO KaXK10e pedpPo COOTBETCTBYET

IBYM HaIpaBJieHHBIM peOpam. Temepb MBI TOTOBBI CHOPMYJIUPOBATH 00-
muit corygait iemMbl JloBaca.

Jlemma 9 (JI. Jlosac). ITycmo Aj, ..., Ay — coboimus Ha KaKom-mo
seposmuocmuom npocmpanemse (Q, F, P) u G=(V, E) — 060 opepagh
ux 3asucumocmed. IIpednososrcum, 1, ..., Ty makoss, wmo x; € [0, 1),
i1=1,....,m, u

P(A) <zi- [ (A==, i=1,...,m
J: {Ai,AJ‘}GE
Toz0a

m

P(OE) > E(l—xi)~

B snemme nmaercs siBHas OIEHKA MHTEPECYIONIEH HAC BEPOSTHOCTHU, HO

HaM, KaK IIPABUJIO, IIO-ITPEZKHEMY BarKHO TOJIBKO CJIEJICTBUE: P( N Ai) > 0.
i
ITo moHATHBIM TPUYIUHAM JIEMMa 8 HA3BIBAETCS «CHMMETPUYUHBIM CJIyda-

eM» JieMMbI 9: B Heil Bce COOBITHS PABHO3HAYMMBI C TOYKHU 3PEHUS OIE-
HOK ux BepositHOcTeit. Herpymuo BeiBecTn jemmy 8 u3 semmbr 9. Hyzkmo
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paccMoTperb nBa caydas (M. Jemmy 8): d =0 (COOBITHsSI HE3aBUCUMBI
B coBOKynHOCTH) 1 d > 1. B nepBoM ciiydae MBI cpasy Ke UMeeM

m

P<ﬂz> [0 P > T[0-p=0-p" > (1-2)" >0

i=1 =1

(TIpenmocsieiHee HEPABEHCTBO BbITEKaeT u3 yciaosus ep =ep(d+ 1) < 1.)
Bo BropoMm ke ciIydae Mbl IOCTPOUM Takoil oprpad saBucumocTeii, 4ro
{j: {4, Aj} € E}| < d (370 MOXKHO CIeJaTh 33 CYeT yCJIOBHU JEMMEL 8),

1
U TOJIOXKUM T; = p < 1. Torma, B camowm jiere,

1 1 1 \¢
PA)<p< = <n(l-g) <o I 0-w),
j: {Ai,A;}€E

TaK 4TO IPUMEHNMa JeMMa 9, U Bce B TOPsiJIKe.
Jlemma 9 JoKasbiBaeTcsd ¢ IMOMONIBIO MHAYKIWMK (3aza4a 17), HO MbI

JI0Ka3aTeJIbCTBO HE IIPUBO/IUM.
2

Kak ke u3 jlemMbl 9 nostyuuth HepaBeHcTBo R(3, t) > Clr715—2t? Heiicrro-
BaTh HyKHO 10 cxeme § 3.2, 3.3. Tam packpacku ObLIN PABHOBEPOSTHBIMU;
3JIECh K€ MMEETCs OYEBUJIHBIN AlPUOPHBIA JMUCOAJIAHC: MBI CTPEMUMCS
Hafitn smbo cunniit K3 C K, («Tpeyronbauk» ), qubo Kpacueii Ky C K.
[ToHsITHO, YTO HEPA3yMHO TEIeph IPUCBAMBATHL PeOpaM I[BETA C OJUHAKO-
BBIMU BEPOATHOCTsIMA. ByzieM cauTars, 9TO CHHUIT I[BET BO3HUKAET C BEPO-
arHocTbio p € [0, 1], a KpacHblii — ¢ BEPOATHOCTHIO 1 — P, COOTBETCTBEHHO
(«Haz KazKkapIM pebpoM» 0AOPACHIBAEM MOHETY CO CMEIIEHHBIM IEHTPOM
TSIZKECTU: BBINAAET PEIIKa — KpacuM pebpo B KPacCHBIA IBET, BBIIAIAET
OopeJl — KpacuM ero B CHHMII 11BeT; OpocaHusi MOHETHI HE3aBUCUMBI B COBO-
kynuocru). IIpu 9ToM MBI IOKa He 3HAEM, YeMy PABHO P; MbI MOAGEPEM ero
Mo32Ke M3 COOOparKeHnt HEKOTOPOil onTuMu3aruu. boJiee TOro, p MOXKET
BIIOJIHE 3aBUCETH OT M.

Beenem st kazkmoro T CV ={1,...,n}, |T| =3, (cp. §3.2, 3.3) cobbI-
Tue A, cocrosiee B TOM, 9TO Bce pebpa TpeyrojbHUKa ¢ BepmuHamu B T’
CUHUE; aHAJOTMYHO BBejieM cobbitust Bg st S C V', |S| =t («Bce pebpa
kpacueie» ). Ouesnmmo, P(Ar) =p?, P(Bs) = (1 — p)CtZ. ITocTpoum op-
rpad 3aBucumMocTeil jiga cobbituit Ar, Bg, coepunsas ux pebpamu (B 06oux
HAIIPABJIEHASX) TOLJA M TOJBKO TOTJA, KOTJA COOTBETCTBYIONIME MOJIHBIE
rpadbl UMeOT X0Ts ObI 01HO 06111ee pebpo (cobbiTust 3asucumbl ). [lousarHo,
uTO JM0Gast BepmmHa Buia A coemuaena ¢ 3(n — 3) < 3n BepmmMHAMYI BUIA

A u ¢ < C! pepmunamu Buja Bg; TouHo Tak ke jiobas Bg cmexHa
2

t°n
¢ C’t2 (n — t) < - BeprmHamMu A u ¢ < CfL BepruHamu Bg/. omyctum,
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mbl Hanww Takue p=p(n) € [0, 1], x=2x(n) €0, 1) u y=y(n) €0, 1), uro

t’n

t 2 t“n t
PP <a(l—a)"(1-y), (1-p)% <y(l-z)2 (1-y)
Tornma nmpumenuma Jjiemma 9 ¢
m=C3+CL, 1 =... =To3 =T, Tosql = ... =Ty =Y.

W3 nemmbr 9 caeayeT oneHKa
P ( N4arNN A_5> >0,
T S

KOTOpas KaK pa3 W O3HAa4YaeT HaJudue XOTd Obl OJHON packpacku pebep
rpada K,, ocTaBjsmomeil HEOJHOUIBETHEIMA M BCE TPEYTOJIBHUKH, W BCE
K, B K,,. B urore R(3,t)>n.

Ocraercs onrumasibHo nojobpars napamerpsl p(n), x(n), y(n), t(n);

OIITUMAJIBHOCTh U3MEPSIeTCsI, KOHEIHO, BEJIMIUHON n(t), KOTOpast J0JKHA
2

OBITH HE MEHBIIE cﬁ. 9TO MyTOpHasl aHAJUTUYECKAs 3aJa9a, U MbI

n
HAIUIIEM 3JIeCh ee peleHne, He 0OOCHOBBIBAS €r0 ONTUMAJILHOCTD. IIpo-
BEPUTH K€, ITO OHO YIOBJIETBOPSIET HAIUM YCJIOBHUSIM, OOJIBIIOTO TPY/IA,
IO-BUIUMOMY, He cocTaBuT. Tak:

C1 Cc2 C3
p—%, m*m, y*m, t=csv/nlnn
2

C TOJXOMSIIUMU C1, ..., C4 > 0. B pesynabrare n = %m,
n
3aHa.

1 OIeHKa JOKa-

3.6. ABHbIC HMKHIE OI€HKH ANArOHAaJIbHbIX YMCeJI Pamces

Msor Bugesu B §3.2, 3.3 u 3.5, CKOJIb MOINEH U IMUPOKO ITPUMEHIM
BepOATHOCTHBIN MeTom. OMHAKO €CTh OTHO «HO». J1e10 B TOM, UTO BCSKHIA
pas, ale/yIupys K TEOPUH BePOSITHOCTEN, Mbl (haKTUIECKU JIUIIb 0DOCHO-
BBIBAJIM CYIIECTBOBAHIE MHTEPECYIONEro Hac obbekTa. B jannom ciydae
pedb muia, 1o cytu, o6 orbickanuu rpada G, y KOTOPOro OJIHOBPEMEHHO
mastel 1 w(G), u a(G) (em. §3.1). A Kak BeINIAAUT 0100HBLT rpad? a,

OH TJIe-TO €CTh, HO BCEro rpadoB HA 1 BEPIIHHAX 20;‘:’ U TOJM, OTBIIIN
UroJIKy B crTore ceHa: yxke npu n = 10 mepebop Heoboszpum. Konedno,
€CJIM MbI CJIy4ailHO «TKHEM» B OJWH U3 I'padOB, TO C OIPOMHOII BepoOsIT-
HOCTBIO MbI IIOJIyYUM TO, 4TO HaM HYyKHO. Ho 4To, eciium He moJrydmm?
MpbI XOTUM OIPEIEJIEHHOCTHA, M K TOMY K€ HAC HWHTEPECYeT CTPYKTypa
«pamceeBckoro» rpada. Hy, naiinem mbr Takoit rpad npu n = 10, Haiizem
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npu n =100, 7a BeJb Bce paBHO HE SICHO, KAK YCTPOEHAa OOIasl CUTYAIUSI.
Taxum oOpazom, KpaitHe BaXKHA <«I€PAHIOMUABAINSA, KOHCTPYKTUBU3AIIHA
pesynbraroB Jpaéma, Croerncepa u np. OKa3blBaeTcsi, HA STOM IMYTH BCE
coBceM medasibHO. Camast Jrydrinasi siBHAsT HIKHSS OIEHKA JTUATOHAJIHHOTO
yncaa Pamces: Obina ycranosiena B 1981 r. II. @pankiom u P. M. Yusco-
HOM, HO OHa KpaiiHe JaJieKa OT TOr0, K YeMy Mbl CTPEMUMCSI.

Teopema 10 (II. ®panksn u P. M. Yuuicon). Moowcho sasno ykasams
2pag, ceudemenvemsyowus 0 Mmom, 4mo

1 In?s
R(s, s) > (e +0(1)) fnins,

Bor rue crosa nosiBuwiiach Gyukius e(s). Bps au, KonedHo, 310 HEITO
GoJibIllee, HEKEJIU COBITAJEHIE, HO BCE BO3SMOXKHO. Y2KAC K€ MOJIOKEHUS B
ToM, uTo e(s) =o(e®), a 9TO 3HAUAT, UTO KOHCTPYKTUBHASI OLIEHKA HECPAB-
HUMO Xy2Ke OIIeHKH BepOsITHOCTHOM. TeMm He MeHee, 3TO Bce, 9TO y HAC €CTh;
9TO HA3BIBAETCS, «IeM OoraThl». U 3mech Kak pas paboTaeT HAIl BTOPOit
METOJ — METO[I, JTNHEHO-aJre0pAnIeCKHIA.

3.7. loka3arenbcTBO Teopembl 10

[Iycte ¢ — nmpocroe uncio. Paccmorpum
V={x=(21,...,2p): 7 € {0,1}, 21 +...+ 25 = ¢*},
E={{xy}:x,yeV, (x,y) =0 (mod ¢)}.
IMonoxum G =(V, E). 910 u ectb uckomsiii rpad. ITobsl 10Ka3aTh 3T0,
JIOCTATOYHO yCTaHOBUTH HepaseHcTsa w(G) < quS n a(G) < qC’g?,. B ca-

2
MOM JIeJie, TOTJIa, Il § = qC’g3 un= Cga KaK Pa3 BBIITOJHEHO COOTHOIIICHUE

In?

1 —_—
1 Tnl
n = (64 —1—0(1)) nins
n Tteopema gokaszana. OCTamoch MOSICHATH, OTKY/A B3SJINCh HEPABEHCTBA
7 KaK BOZHHUKJIO COOTHOIIEHUE.

Jljist 060CHOBaHUS HEPABEHCTB HYKHO BOCIIOJb30BATHCS JIMHEHHON
HE3aBUCUMOCTHIO HEKOTOPBIX MHOTO'WIEHOB. B ciydae a(G) MOXKHO B3sTh
MHOTOUIeHBI Fy € Zg[y1, - - ., Yg3), X €V, BuIA

qg—1
Fx(y) = H(Z*(X7y)), y = (yla"'ayq?’)a
i=1
u 06 2=y;. B G
pe3aTh UX CTEleHHU 10 LIPABWILY y; = y;. B ciydae ke w(G) mose3Hs
muoroutensl Fy € Ry, ..., ygs] Buma

Fe(y) = (xy)((xy) —0)((x,y)—29)-...- (x,y) —¢* +q).



3.7. JokazarenbcTBo TeopeMbl 10 33

MpI ocTaBJisieM YuTaTeNo (Terneph yKe B KauecTBe HECJI0XKHOTO yIIPasKHe-

HU) JIOKA3ATELCTBO JIMHEHHON HE3ABUCUMOCTH BBITMCAHHBIX MOJIMHOMOB

U, KaK CJieJIcTBre, 000CcHOBanne HepaBeHcTB o G) < quqS, w(@) < qC’g?,.
Termeph HECKOIBLKO CJIOB O BLIPazKeHHH 7 9epes3 s. Pacnmimem crepsa s:

1 q—1
Se(1—=)....-(1—-
s gt — @1 —g+]) 1 ( q3) ( @ )

1y Pl (q—1)! '

[Tongarmo, aro

q—1\1¢ 1 q—1 1\¢
(17 ¢ ) < (17q_3)""'(17 ¢ ) < (17q_3) :
B cBoto ouepens, u mpaBasi, u JieBas YaCTH HEPABEHCTBA CTPEMSATCS K €11~
*'(140(1))
(g—1)!

HUIle pu q — 0o. TaxkuMm obpazom, § = . 3a cuer opmyIIbI

CrupJ/igHra 1moJryyaemM

s ¢*?e (1 +0(1) _ Fa1Ho(1)
2m(q—1) '

AHaJIOrIYHO JIOKA3BIBAETCS, YTO N = qq2(1+0(1)). Hautee,
Ins =2¢g(1+0(1))1ng,

tax uro Inlns = (14 0(1)) Ing, a In® s = 4¢%(1 4 o(1)) In® q. CrresoBaresin-
HO,

In? s

1 _
(ez +0(1))1n1ns — qq2(1+o(1)) =n,

1 BCE JIOKA3aHO.

OrMeTnM, 9TO MBI ONSTH-TAKU IOJIYYMIA PE3YJbTAT TOJLKO IIPHU
HEKOTOPBHIX S. TeM He MeHee, COODParKEeHWsI IJIOTHOCTU PaCIIPEIesIeHUs
IPOCTHIX YHCEJI B HATYPAJIBHOM Py (cM. §2.2) MO3BOJISIIOT CIIPABUTHCSI
¢ Toit mpobemoii. ITorrpobyiiTe yOeuThCsS B 9TOM CaMOCTOSTEIHHO.

Sagaun
15. Haiizmre R(3,4), R(4, 4), R(4,5), R(3,5), R(5, 5).

16. C momoIbio JIOKaIbHOI JieMMbI JloBaca JIoKaXKuTe, 9T0
R(4,t) > 257,
KaKaH OIl€HKa IIOJIyYUTCHA, €CJIN He UCIIOJIb30BaTh JIOKAJIbHYIO JIelVIMy?

17. TlonwrTaiiTech TOKA3aTh JIOKAJIBHYIO JIEMMY.
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18.

19.

20.

21.

As
As
£ Ay

Puc. 2

C moMOIIIBI0 BEPOSITHOCTHBIX METOJIOB HOMPOOYITE MOJIYUYNTh KAK MOXK-
HO JLyYIllie HUXKHUE OIEHKU JIJIs IPOU3BOJILHOIO uncia Pamvces R(s, t).

Yro Oyjiet, eciu B JJ0Ka3aTeIbCTBE TeopeMbl 10 MOJI0KUTH
V={x=(21,...,000): 7 € {0,1}, 21 +...+ 3252 = ¢°},
E={{xyl:xy€eV, (x,y) =0 (mod q)}?

[TomipoOyiiTe yoequTbCst B TOM, UTO HAPAMETPHI B I0KA3ATE/IHCTBE 10~
I0OpaHbl B HEKOTOPOM CMBICJIE ONTUMAJIBHO.

[MonbrTajiTech NOJIYyYUTH KAKUe-HUOY b ABHBIE ONEHKH JIJIsl TPOU3BOJIb-
HBIX uncen R(s,t).

[Tycts Q= [0, 1]?, F cocrouT u3 Beex MHOXKecTB B C ), «Iiomajib»
KOTOPBIX MBI MOXKEM u3MepuThb (Tounee, F — curma-ajrebpa Gopesies-
CKHUX IIOJIMHOYKECTB KBaapara), a P(B) —3To n ecTb «miomab> (Me-
pa) B. Paccmorpum Aj, Ag, Az, nzobpaxkennnlie Ha puc. 2. [Ipuseaure
npumep oprpada 3aBucuMocTeil st 3TuxX coObiTuii. KakoBo muHm-
MaJjbHOE Iucjo pebep B TakoMm oprpade?



Jlekrug 4

Packpacku runeprpacosn

4.1. Onpenenenns u (POPMYJIAPOBKH PE3yJIHbTATOB

B sToil Jleknuu MbI BepHeMCs K HM3YUEHHMIO CBOMCTB COBOKYITHOCTE
M={M, ..., Ms} moaMHOXKeCTB KOHEUYHOrO MHOXKecTBa R, (cm. §1.1),
KOTOpbIe, KaK Mbl IOMHUM, 3anaior runeprpadbet H = (V, E) ¢ V=R,
n E =M. Ocnosnas Hama 3agaqa OyJieT COCTOSATh B TOM, ITOOBI TaK WJIN
WHAYe PaCKPAaCUTh BepIuHbI runeprpada (ssemeHTsl R,) B 1Ba IBeETa;
IPU ITOM BCAKHUI pa3 Mbl, IO CyIIECTBY, OyZieM TpeGOBATh HEOLHOIBET-
nocru pebep (muoxkects u3z M). Ilpexke Bcero paccMorpum 3azady «06
OTKJIOHEHUW».

JIiobyro packpacky R, B [Ba IBeTa MbI OyZeM HHTEPIPETUPOBATH
Kak orobpaxkenue x: R, — {—1,1}. Insa xaxaoro M € M pacemorpum

BEJIMYMHY
V) = 3 X,
ieM
KOTOpasl paBHA PAa3HOCTU KOJMIECTBA <«KPACHBIX» U <«CHHUX» BepIIUH
B pebpe M runeprpada (R,, M). Omxaonenuem cosokynmocmu M
6 packpacke X HA30BEM BBIPAYKEHUE

disc (M = max |x(M
(M) = s [x(M)],
a mpocTo o omkAoHeHuem M OyreM IOHUMATD YUCIIO

disc (M) = mindisc (M, x).
X

Takum o6pa3oM, pedb UaeT 00 OTHICKAHUU CUTYAIlNH, B KOTOPOI JaxKe ca-
MO€ «HEPAaBHOMEPHO PACKPAIIIEHHOE» MHOXKECTBO B COBOKYITHOCTH PACKPa~
IIIEHO BCe Ke He CJIUMIKOM HepaBHOMepHo. OTMeTnMm, uro obosuadenue disc
IIPOUCXOJUT OT AHTJIMACKOTO cjioBa «discrepancys, UMEIOIIEro, BIPOYEM,
JIATUHCKUI KOPEHbB; CJIOBO BIIOJIHE KOPPEKTHO OTPAXKAET CMBIC/I TEPMUHA.

3amMeuaTeSIbHBIM 00Pa30M IIPU PEIeHnd 3aa4 00 OTKJIOHEHHH Pabo-
TAOT W BEPOSTHOCTHBIN, U JinHEeHO-ajarebpandeckuii Mmeronsl. K coxka-
JIEHUIO, JInHEHHAs ajredpa, KOTOPYIO CJIEI0BAJIO Obl UCIIOJIB30BATh 3/€Ch,
TpebyeT BBEIEHUS] MHOTHMX JOIOJHUTEIbHBIX ITOHSTUN, BBIXOIAIINX 38
paMKu J@HHOI'O KPATKOrO Kypca JieKnuii. 1103ToMy MBI U3JI0KUM JIAIIb
BEpPOSITHOCTHBIN acuekT mnpobjemaruku. OmaHaKo, (DOPMYIUPYsl pe3y/ibTa-
ThI, MBI CKaXKeM, KaKWhe W3 HUX Ale/UIUPYIOT K JHHEHHO-aJredpamdecKoi
TEXHOJIOTUHU, U JAJ UM COOTBETCTBYIOIIIE CCHLIKH.
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Teopema 11. ITyemv M ={M, ..., My}, M; CR,. Tozda

disc (M) < v/2n1n(2s).

Teopema 11 H0Ka3BIBAETCA ¢ MMOMOIMBIO HECJOXKHOTO BEPOSTHOCTHOTO
coobpazkeHusI, KOTOpoe Mbl IpuBegeM B §4.2. 3ameTum, 4TO pe3yibTaT
HE 3aBHCHUT OT MoInHocTeil MHOXKecTB M € M. Tem He MeHee, MOJIEIbHOI
CUTyalleil MOXKeT CJIy’KUTb Ta, B paMKaX KOTOPOH MOIIHOCTH KasKIO0I'O
3JIEMEHTA COBOKYIIHOCTH UMEET TOPSAOK N. Torja mpn He 0O9€Hb GOJIBINTUX
s (cxaxem, mpu s < n¥, rae k— moboe GUKCHPOBAHHOE) MBI HMEEM OT-
JINYHYIO OIEHKY OTKJIOHEHUS: ee BeJIMYMHA eCTh BCero JIMIbL ¢V n Inn, 9To
GeCKOHEYHO MaJIo 110 cpaBHEeHHo ¢ | M. MebI, Tak cKa3aTh, MOYKEM rapaHTH-
POBATh, YTO <IIOYTH IIOJIOBAHA» BCEX JJIEMEHTOB KaxKa0ro M B HEKOTOPOi
pacKpacke IMeeT KPACHBIA IBET W «IIOYTH MOJOBUHA» — cuHUEA. [lpm s =n
Teopema 11 fomyckaeT BaxKHOe yCHUJIEHUE.

Teopema 12 (/Ix. Cuencep). Ilyecmoe M ={My,..., M.}, M; CR,.
Toz0a

disc (M) < 6y/n.

Nubmvu ciroBamu, teopema 12, monydennas Crmencepom B 1985 1,
[O3BOJISIET YCTPAHUTDH JIOTAPUMMUAIECKUN COMHOXKUTEb 110/ KOPHEM. DTa
TeopeMa JOCTATOYHO HETPHUBHAJIbHA. He [I0KAa3aTeJbCTBO TAKXKe HOCHUT
BEPOSITHOCTHBIN XapaKTep, HO OHO JJIsi HAC y2Ke CJIOKHOBATO, U MBI HE
CTaHeM H3JIaraTh €ro 3JIeCh, COCJIABIINCH Ha KHATY [4].

Ornerka TeopeMbl 12 MPaKTUYeCKH TOYHA.

Teopema 13. Cywecmeyem maxas cosoxynnocmo M ={M, ..., M,},
M; CR,, wmo

disc (M) = c¢v/n

¢ nexomopvim ¢ > 0.

ITopaszurenbHo, HO U TYyT He 00OIIIOCH KaK 6€3 BEPOsATHOCTH, TaK 1 0e3
JINHENHO# aJireOphl. BeposiTHOCTHBIE COOOPaYKEHUsT MbI U3JIOXKUM B § 4.3,
a JsuHeiiHy0 anre6py cMm. B [4]. OTMeTrM, HAKOHEI[, YTO ¢ MOMOIIBIO JIU-
HEWHO-aIre0PanIeckoro MeToIa JOKA3BIBAETCs CTOSINAsT HECKOJIBKO 0COD-
HSKOM Teopema 14.

Teopema 14 (T. ®uana). Iloaoorcum

deg M = Hel%XHM € M:ie M}
Ecau deg M <t, mo
disc (M) < 2t —1.

Teopema ocobeHHO 3aMedaTesbHa TEM, YTO Mbl HUKAK HE HUCIOJIL3YeM
B Hell HU BEJUYUHY 7, HU BeJwdaudy s = |M]|.
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Ouenp 6sim3ka K 3ajade 006 OTKJIOHEHHH 33Jia9a O TAaK HA3BIBAEMOM
«cBoiictBe By, koropoe B Hagase 60-x rogoB XX B. BBeu II. Dpmém. Mer
cKazkeM Beie 3a dpaémeM, uro runeprpad H = (R,,, M) obuagaer cBoii-
CTBOM B, ecjii ero BepIIHbBl MOXKHO TaK PACKPACUTD B JIBa [BeTa, ITOOLI
BCe ero pebpa OKa3aJuCh HEOJIHOUBETHBIMU. 1O ecTh OTHBIHE HAC HE BOJI-
HyeT OTKJIOHEHHUE: JIUIIb Obl XOTh CKOJIbKO-TO BEPIIUH B KaXKJIOM pebpe
HMeJI0 KPACHBIN I[BET M XOTh CKOJIbKO-TO — CHHMIA. MBI cKazkeMm, 4To I'H-
neprpad k — pasromepen, KOJIb CKOPO Bce ero pedbpa M € M umeroT oy
u 1y ke mommuocTh k. Onpenesmum m(k) Kak MAKCUMyM CPeIU TaKuX
m € N, uro so6oii k — paBHoMepHbIil runeprpad (YUCIO0 BEPIIUH KOTO-
pOro 3HaveHUs He uMeeT) 06/1a1aeT CBoiicTBOM B.

Teopema 15 (IL. Dpagémr). Hmerom mecmo oyenru

21 < m(k) < “R2)2ak,

Obe OIEHKH B TeOpeMe MMOJIyYAlOTCs C MOMOIIBI0O TEOPUU BEPOSITHO-
creti. Hukakux, olHaKO, HOBBIX HJIEil B HUX HE COIEPKUATCS, IPUIEM HIHK-
Hesl OIEHKa MPAKTUIeCKH TpuBHasbHa. [losToMy MBI ocraBisiem Teope-
My 15 unraresro B Ka4ecTBe yIIPpaXKHEHHs. 3aMEeTUM, YTO TeopeMa, JPIEia
HEOJIHOKPATHO YJIY4IlIaIach, HO BCAKUI pa3 yJIydllleHne KacaJjoch OIEHKHN
m(k) = 2k=1 CaMplii CHJIBHBIA Pe3y/ILTAT HA JAHHOM STAIle HPHHAIe-

xkur Pajgxakpumnany u Cpunusacany: m(k) > ¢y / &2”. DTOT pe3yabTaT
aleJUIpyeT K «PAaHIOMU3UPOBAHHBIM AJTOPATMAM» B TEOPUU BEPOSITHO-
CTell, 1 ero U3JI0KeHNe TAKZKE BBIXOJUT 33 PAMKH ITUX JIEKIIAN. 3aMeTHuM,
YTO, XOTsI HBIHEIHUN 3a30P MEXKJIy BEPXHUMU U HUXKHUMU OIEHKAMH Be-
sranabl m (k) coBceM HeBeJMK, yCTPaHEHUe ero — BeChMa BasKHAsl U TIOIy-
JisipHas 3aga4da. OHAKO ITOKa, HECMOTPsl HU HA KaKUE YCHUJINS, [TOJIHOMY
PEeIIEeHUIO OHA He MOJIAeTCs.

4.2. /loka3zarejbcTBO TeopeMsbl 11

ITycrb dbukcnpoBaHa IpOU3BOJbHASI COBOKYTIHOCTE M = { M1, ..., M }
Ha R,,. HaMm Hy»KHO HafiTu Takyto packpacky X, 910 |x(M)| < /2n1n(2s)
st moboro M € M. TlocrpouM, Kak OOBIYHO, CJIyYailHYI0O PACKPACKY
U JIOKakKeM, 9TO C IOJIOYKUTEJIHHON BEPOsITHOCTBHIO OHA 00JIa/laeT Ha/ijie-
JKaluM cBoiicTBoM. B jlannom ciydae Mbl OyjeM CUHTaTh BCe PacKpac-
KU DABHOBEPOATHBIMU, T. €. Kaxkjoe X(i) Mbl OyueM, eciau yroJHo, pac-
CMATPHUBATD KaK CIIyUaiiHy10 BeJAMIMHY (CM. JIOIOJHEHNUE), IPUHIMAOIILY O

1
cBou 3HauYeHuss +£1 c BEPOATHOCTBIO 57 Opu 9TOM CJiydJaWHble BEJIMYNHDbI

x(1), ..., x(n) HesaBucumbl B coBokyunocru. Ilonsaruo, uro My(i) =0,
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Dx (i) =1, u npuMeHnMa IeHTpaJbHAas IpeJiebHAs TeopeMa (CM. JIOI0JI-
Henue). Torga, mosarast a = /2n1n(2s) u |M| =k, umeem

P(IX(M)| > a) = P(| 3 x(i)| > a) =

ieM
AN
=p| =1 — |~ = e 2dx.
VEk VEk 2m ,SOO

[Tocneqauit nHTErpas OIEHNBAETCS CBEPXY BEJIMIMHON

IMosryqaercst, 9TO IpH JOCTATOYHO OOJIBIIUX 7l BBLIIOJIHEHO HEPABEHCTBO
1
P((M)| > a) < &
3HaquT,
PEM e M: |[x(M)| > a) < sP(Ix(M)] > a) < 1,

r.e. PVM e M: |x(M)| < o) >0, u mpu n — 00 TeopeMa JoKa3aHa. B neii-
CTBUTEILHOCTH, MOYKHO YCTAHOBUTDL AHAJIOTHYHLIE HePABEHCTBA U IPU Ma-
abix 1 (eMm., Hanpumep, [23]), HO MBI 3TOrO Jesarh He Oyiaem. Ha wHam
B3IJIsl, CYyTh JOKA3aTeILCTBA COCTOUT B IIPUMEHEHUH KJIACCUYIECKOroO alllla-
paTa TeopHU BEpOsTHOCTEi, a BlIaBaTbCs B HOAPOOHOCTH cefiuac He CTOUT.

4.3. Jloka3zareqbCcTBO TeopeMbl 13

31ech MBI TOXKe OyIeM CjIerka HeaKKypaTHBI B BBIKJIAJIKAX, HO CyTh
MBI TIOCTAPAEMCs OTPA3UTh BEPHO. Termepb Mbl UCKATH CTAHEM HE CJIydaii-
HYIO DacKpacky, a cjydaiinyio coBokyunuocts M = {Mj, ..., M,} noxn-
MHOXKeCTB R,. Ham xodercs, 94T00BI B UTOrE I JIIOOOM PACKPACKH X
OTKJIOHEeHHe 3TOfi COBOKYIIHOCTH B JaHHOI pacKpacke ObLIo GOJIbIIe Cy/T.
IToctpoum caydaitnyo marpuiy U pa3mepa n X n, 3J€MEHTbI KOTOPOM
CyTb HYJU U eauHuIbl. KaxkIoMy 37/eMeHTy MaTpPHUIlbl IIPUCBOUM TO WJIN

1
NHOE 3Ha4YeHUre C BEPOATHOCTBLIO 5 HEe3aBUCHUMO OT OCTaJIbHBIX. l—IOHSITHO7

9TO CTPOKU MaTpuIlbl U BIOJIHE MOXKHO MHTEPIPETUPOBATH KAK IIOJIMHO-
xKectBa R,. KoHe1uHO, HEKOTOpBIE CTPOKH MOTYT COBIACTb, HO HAM OT
9TOTO TOJIBKO JIYUIlle: €CJIU Y MAJIEHBKOI COBOKYITHOCTH (PA3JIMIHBIX) MHO-
2K€CTB OOJIBIIIOE OTKJIOHEHHUE, TO C YBEJIUIECHUEM COBOKYITHOCTH OHO TOJIBKO
BbIpacTeT.
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IIycts x — mpousBoJibHast packpacka R,,. Torma ona Koaupyercs BEKTO-
pom x = (x(1), ..., x(n)). Bouee Toro, koopaunarst Bekropa (L1, ..., Ly),
BO3HUKAIONIETO B pe3yJbTaTe yMHOXKeHus Marpuiibl U Ha BEKTODP-CTOJ-
Ger x T, cyTs Bemmaunsr L; = X (M;), KOJIb CKOPO MBI TIPOJIOJIZKAEM CIATATE
crpoku U muoxkecrBamu My, ..., M, € M. Eciu gomycrurb, 94To 1OJIO-
BHHA KOOPJMHAT BEKTOPa Y OTPUIATEbHA, & IIOJOBUHA IIOJIOKUTEJIHHA
(a0, BOOOIIE TOBOPsI, HE TAaK), TO HETPY/HO BUIETH (CM. JIOMOJIHEHHE), YTO
L; =& —n, rae obe BemauHbI &, 1) UMEIOT OJIMHAKOBOE OMHOMHUAJILHOE Pac-
pejieieHue ¢ n/2 UCHBITAHUSAMEI U «BEPOATHOCTBIO yeiexay 1/2. Moxuo
MMOKA3aTh, YTO ACHMIITOTHIECKN pacipeiesienne L; HOpMaJbHO C ITapaMeT-
pamu 0 u 4/n/2 (cM. monosnenue). B srom ciydae Mbl BRIOHpaeM A Tak,
9TOOBI N )

L Se_%dx< 1

V2 - A\ 2’
U TOTJIa

P(Li < Wh/2) < 5.

Ha camom pese, TO ke HEPABEHCTBO BBIIOJIHEHO W JJIsT X C HEOINHAKO-
BBIME KOJIMYECTBAMU OTPUIATE]bHBIX M ITOJIOXKUTEbHBIX KOOPAUHAT, HO
MBI He cTaHeM OOOCHOBBIBATH 3JIECh JIAHHBIN TE3MC: 3aUHTEPEeCOBAHHBIN
quTaresib caM 0e3 Tpyna caenaer 3to. s Hac riiaBHOe, YTO BesmmauHbL L,
HE3aBUCHUMbBI B COBOKYITHOCTHU (3TO 00YCJIOBJIEHO HE3ABUCHMOCTHIO BBIOODA
3j1eMeHTOB Marpuiibl U), & 3HAYUT,

P(vi |Li| < Wh/2) < (3)
Orciofa criefyer, 9To
P(3x Vi |Li] < A\Wn/2) <1,

P(vy 3 |Li| > \Wa/2) > 0,

u TeopeMa JI0Ka3aHa.

Sagaun

22. Haiigure m(2), m(3), m(4).

23. Jloxazkure orenky Dpméuta m(k) > 2" 1.

24. C noMmoImpio JIOKaJIbHOI jieMMbl JIoBaca JIOKaXKuTe CJIEIYIOIIYI0 Teo-
pemy: mycth H—k — paBHOMEpHBI# Tumeprpad, y KOTOPOTO KaxKIoe

pebpo mepecekaercs ¢ He Hosee, yeM d, APyruMu pedpamu; TOTIA IPU
e(d+1) < 28! runeprpacd obmamaer croiictBoM B.



JononHnenune

1. Teopus BepoaTHOCTEI

1.1. Knaccudeckoe onpejeneHne BEpOoITHOCTH U cxeMa Bepryinm

Kitaccudeckoe orpejiesieHne BepOSITHOCTH MMeEET MHOTOBEKOBYIO HCTO-
PHIO, ¥ MHTYUTHBHO OHO IIOHSTHO KaKIoMy. JIBa COOBITHUS Hecoemecm-
Mbl, €CJIM OJHO WCKJIIoYaeT japyroe. Hampumep, momera mpu ciydaiiHOM
MajieHu Ha CTOJI HE MOXKET OJHOBPEMEHHO BBIACTH <«OPJIOM» U <«PEIIl-
koit» kBepxy. Cobbitusi Ay, ..., A, 00pasyoT noaxyr epynny, eCiu Xo-
Ts ObI OJHO U3 HUX 00sI3aTEILHO IPOM30MIET: COOBITUSI «MOHETa YIIaJia
PEIKOIl KBEPXY» W «MOHETa yIaja KBEPXY OPJOM» O0pa3yIoT IMOJIHYIO
rpyuny (Ha pebpo Mouera He BcraneT). COOBITHSI CIUTAIOTCH PAGHOGEPO-
AMHBMU U3 THTYUTUBHBIX cooOparkeruit. CKaxkeM, eCTeCTBEHHO IPEJIIo-
JIOXKWUTD, UTO IPHU CIyYIailHOM WM3BJIEYEHHH IIapa U3 YPHBI, colepKariei
ouH GeJIbIil M OJIMH YEPHBIN Iap, BEPOSITHOCTD JIOCTATh YEPHBI I1ap pas-
HA BEPOSITHOCTU BBITSHYTH 6eJiblit. IlycTh wy, ..., w, 00Pa3yoT IOJHYO
rpyuiy §) NOHapHO HECOBMECTHBIX PABHOBEPOSTHBIX COOBITHUIT (HAIIpUMED,
n =06, w; — «Ha UTPAJBHON KOCTH, CJIE€IAHHON M3 OJHOPOJHOTO MaTEPH-
aja, BBINAJO i OYKOB»). Torma BeposiTHOCTh P(w;) mosjaraercss PaBHOIL

1
—. CobpITus Wi,y ..., Wn HA3BIBAIOTCA INEMEHMAPHLIMU; U3 HUX, KaK U3
n

KHUPIIIYUIKOB, CKIAIBIBAIOTCS 60Jtee CiIoKHBIe coObITHs: A=w;, U...Uw;, .
k

[MonsiTHO, uTO BeposATHOCTH P(A) NOIZKHA PABHATHCS —. DTO IIPOCTO JI0JIST
n

Tex (PABHOBEPOSITHBIX) COOBITHUI, KOTOPBIE «BJIArOIPHUITCTBYIOT» BBIIOJ-
mermio A. Ckaxkem, coOBITHIO A — «HA UIPAJIBHON KOCTH BBITAJIO YETHOE

9HCJIO OYKOB» — OJIATONPHUSTCTBYIOT TPU SJIEMEHTAPHBIX COOBITUS, W IIO-

1
romy P(A) = % =3 MeuozkecTBo Bcex cobbituii obo3nadaT 6yKBoil F.

Ouesnmno, 3aech |F|=2". Bosnukaer Tak Ha3bIBaeMas «BEPOITHOCTHASI
rpoiikay (€, F, P), uMeHyeMas TaKKe 8ePOAMHOCTIVHbIM NPOCTPAHCTLEOM.
Ncxozst u3 onpesiesieHns, HETPYIHO NPOBEPUTH, uto P: Fi— [0, 1] obnama-
€T HEKOTOPBLIM HabOPOM eCTeCTBeHHBIX CBOICTB THUIIA

P@) =1, P®) =0, P(A||...| |4n) = P(A)+...+ P(4,),
P(A1U...UA,) < P(A1))+...+P(A,) urz

[Ipocreiitiee 06001IEHIE KIACCHIECKOTO OMPEIEIEHIsS] COCTOUT B TOM,
9TOOBI CINTATD dJIEMEHTAPHBIE COOBITHS HEPABHOBePOATHBIMU. Mbl Hepem
rpoiiky (2, F, P), B koropoii |Q] =n, |F|=2", o P(w;) =p;. Tem ne
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MeHee, CBOHMCTBA BEPOATHOCTH MbI COXpaHseM U, B YaCTHOCTH, TpebyeM,
qr1obbl p1 + ... + p, = 1. Hanbosiee BaKHBIM NpUMEpPOM CIIy2KAT 371€CH
mpocrpanctso (Q, F, P) ¢ Q={0,1}", P(w)=pllis #i=Hgli: 2:=0} ko
ckopo q=1—p, pe0,1], w=(z1,...,2z,). HacTo roBOpaT UPU ITOM
o creme ucnvomanut Bepryasu. Momens TakoBa: n pa3 6pocaemM Ha CTOJI
MOHETY €O <«CMEIIEHHBIM [EeHTPOM TSIKECTH» (P — BEPOSITHOCTH PEIKH
(«ycniexa») u3 «husmueckux» coobpazkeHnil), u, €can npu i-M GPOCAHUU
(B 4-M «UCIIBITAHUK> ) BBIIAJIAET PEIIKa, TO KJaeM T; = 1; nHaue 1nojaraem
IMonpo6uocTu cM. B [23-25].

1.2. TeomeTpuyecKkne BepOATHOCTH U 00Ilee TOHITHE
BEPOITHOCTHOTO MMPOCTPAHCTBA

Wuorpa B posm cOOBITHS, BEPOATHOCTH KOTOPOTO MBI XOTHM H3Me-
pUTh, BBICTYIAET MHOXKeCTBO ToueK B R™. Hampumep, Bo3MOXkKHA Takas
zagada. J[Ba UeoBeKa JOTOBOPHINCH BCTPETUTHCSI Ha OCTAHOBKE MEXKILY
JBYMsI U TpeMsl dacaMu. JeJoBeK NPHUXOJIUT, KJIeT 15 MHUHYT U, ecin
He JIOXKMJIAeTCs TOBapHIla, MOKUIAeT OCTAHOBKY. KakoBa BEpOSITHOCTH
Berpeun? PasyMHO BpeMsi NmpHXOma HEepBOTO [EJOBEKA OTMETaTh TOU-
koit x u3 orpeska [0,1] ma ocu abciuce, a BpeMs IIPUXOJIA BTOPOrO
YeJIOBeKa — aHAJIOTUYHOM TOYKOW y Ha ocu opauHar. Torma ycioBuem
BCTpeun Oymer monajanue TOYKu (z,y) B 06JIaCTh, M300PaKEHHYIO Ha
puc. 3. JIoBOJIBHO $ICHO, YTO 37€Ch MPOCTPAHCTBOM 3JIEMEHTAPHBIX CO-
6urTHit cieayer cumrath ) = [0, 1]2, a mame cobbitme A ecTh ToTIA
MHOKECTBO ¢ puc.3. OCHOBHAS TOHKOCTH COCTOMT B TOM, UTO Tenepb 2
GeckoHeuHo M HaMm Obl cromso mojaratk P((z,y)) =0. Kak ke Torga
naiitu P(A)? Drto He coBcem TpuBmasibHBIH Bompoc. ['pyGo roeops, 3a-
nator P(A) pasHoOlt «mutomaau» (uim, BepHee, Mmepe) MHOXKecTBa A
(cm. [26]). B aroMm ciaydae BO3SMOXKHBIE COOBITUSI CTAHOBSITCS [IOIIAC «HEBE-
posteiMu»: P((x, y) € {(0,0), (0, 1), (1,0), (1,1)}) = 0. Oagnako rtakoe
OIIpe/Ie/IeHne TOYXKE MHTYUTUBHO IOHATHO, 4 IJIABHOE, B HEM COXPAHSTIOTCS
BarKHEHIIE CBONHCTBA BEPOATHOCTH, YACTh U3 KOTOPBIX Mbl YK€ II€PEUHC-
Jasii. B obmem ciiydae paccMATpUBAIOT BEPOSITHOCTHOE IPOCTPAHCTBO
(Q, F, P), B koropom 2 C R™ — MHO>KECTBO, MMe0IIee KOHEUHbIH 00beM
(mepy p), F —HEKOTOpasl COBOKYIIHOCTbH MOJMHOXKECTB {2, 00JIaJaronmx
ecTecTBeHHBIME cBoiicTBamMu Tuna A € F umeer mepy wau AN B € F
u AUBE€F, konb ckopo A, BE F, u P(A)= M

1(82)

O®611iee MOHsITHE BEPOSITHOCTHOTO TipocTpancTBa BBeeHo A. H. Kosmvo-
ropoBbeiM. OHO yHEpUIEPYET BCE NMPeKHUE PA3PO3HEHHBIE ONMPEIEICHUS.
B mem ) — npousBosibHOE (CKOJIb YTOIHO CJI0XKHOE) MHOXKECTBO 00HEKTOB,
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NI

N

Puc. 3

F — COBOKYIIHOCTB IOJMHOXKECTB ), YJIOBJETBODSIOIINX €CTECTBEHHBIM
akcuoMaM, (OHO Ha3BIBACTCH cueMa-ai2ebpol cobwmut) u P: Fi— [0, 1] —
6EPOATMHOCTIHAA MEPA, TAKIKE YIIOBIETBOPHIONIAA OIPEIEJCHHBIM aKCHO-
MaM, KOTOPbIE IIOBTOPSIIOT OCHOBHBIEC H PaHee HHTYUTUBHO sICHbIE CBOWCTBA
BEPOSTHOCTH.

IToxpobuocTr cM. B [23-25].

1.3. He3aBucHMMOCTH CJIy9IaiiHBIX BEJIWIWH W COOBITHI
Cobbitust A, B HA3BIBAIOTCS HE3ABUCUMDLMU, ECITH
P(ANB) = P(A)P(B).

Cobbitust A1, ..., A, HE3A6UCUMDL 8 COBOKYMHOCTU, €CJIU JJisi JIE0O0ro
Habopa uHAeKcoB 1 < i1 < ... <ip <N BBIIOJHEHO

P(A;,N...NA;,) = P(A;)-...- P(4;,).

Yenosroti eepoammnocmvio cobbitust A orHOCHTENBHO cobbiTHsA B (P(B) #

# 0) nasbiBaercs BeawdnHa P(A|B) = %; nuavte P(A|B)=0. Co-
oeiTHe A He 3asucum om cogokynmocmu cobbituilt By, ..., By, eciu npu

Beex 1< iy <...<ip<n Mol umeeMm P(A|B;, N...NB;, )= P(A). Ilycts
Q=B1|]...|Bn, a A—cobbrrue. Torga

P(A) = Z P(A|B;)P(B;)

(popmyaa noaroti eepoamuocmu).

Oyuknus £: ) — R Ha3bIBAETCH CAYHATHOT 8eAUNUHOT, €CTH JIJIS JIIO-
6oro x € R Brimonueno {w: {(w) <z} € F. Ecnu ) xoHe4Ho, 10 ciryvaitHast
BestmauHa — 910 Jobas dyuknus Ha (). Ciydalinbie BeIuduHbl &, ) He3a-
BUCUMDBI, KOJIb CKOPO He3aBHUCHMBI cobbiThs {w: {(w) <z}, {w: n(w) <y}
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npu Beex , Yy € R. AHanorudso onpedeaaemca HE3a6UCUMOCTL CAYUAT-
HOLEL BEAUNUH 6 COBOKYNHOCTIU M HE3ABUCUMOCTIG CAYHATHOT BEAUNUNDL
O COBOKYNHOCTNU, CAYHATHBIT BEAUTUH.

IMonpo6uocTu cM. B [23-25].

1.4. Pacupegnenenus ciryqaifHbIX BeJIMTYWH, MOMEHTHI,
[IeHTPAJIbHAY NIpeJiejIbHAd TeopeMa
Qyukmusa Fe(z) = P(§ < z) = P({w: £ < z}) maswmBaercs dynxyuel
pacnpedesenua crydaitnoit Besuaunbl . Ecim £ npuHIMaeT KOHEYIHOE MU
CYeTHOE MHOYKECTBO 3HA4YEHMil, TO g 33JaHus F¢ JOCTATOYHO 3HATH

sesnmunebl P(€ = x). Takas £ HasweiBaercs duckpemuoti. VHorma cymie-
x

crByerT Takas byukims pe(t) >0, uro Fe(z) = S pe(t) dt. B sToMm ciytae
—00

TOBOPSAT, ITO & a6COANOMHO HENPEPLIBHA, & D¢ (t) — ee naommocmov. BriBalor

u 0oJjiee CJIO2KHO PACIPE/Ie/IEHHbIE CIyJYailHble BeJUINHbI, HO MBI He Oy1eM

WX PACCMATPUBATH.

[TpumepoM JUCKPETHON BEJIMYUHBI CIYXKUT BEJIMUUHA OUHOMUAAOHASM,
T.e. Takag £: Q+—{0,1,...,n}, uro P(£ =k) = CFpFq"*, xomb cxopo
g=1-p, p€|0,1]. Ee uaTepuperupytor oObIYHO KaK UHUCJIO PEIIEK, Bbl-
MMaBIUX B CX€Me U3 N UCHbITaHuit Beprysuim.

Camast BaKHasi aOCOJIIOTHO HEIIPEPHIBHAS BEJIUINHA HAZBIBACTCH HOD-

manvnot. Humyt €~ N(u, 0?). Y nee
_-w?
202

pe(t) = ﬁe

Mamemamuueckoe ootcudanue TUCKPETHONR BEININHBI
& Q—{x, ...}

— 9TO €€ «B3BeEIlIeHHOE Cpe/iHee», T.e. BeJINYUuHa

o0
M¢ =Y wP(§ = z;).
i=1
B ciydae abcomroTHO HEPEPBIBHOM & moJIaraeM

oo

M¢ = S xpe () de.

— 00
Jlucnepcuedi crydaitHolt BeaunauHbl £ HA3BIBAIOT YUCIIO
2
D¢ = M(§— M)

(cpejtHEe KBaJIpaTHIHOE OTKJIOHEHHE BEJUYMHBI OT CBOETO CPEJIHero 3Ha-
genns). Momenm k-20 nopadxa—sro MEF. Jlerko Bumers, uto ME = u,
D¢ =02, xonb cxopo € ~ N (p, 0?). Bemosnena 3amedaTembHas
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Teopema 16 (Ilenrpasbhas mupemesbHas Teopema). Ilycmov &1, ...

&n,y ... — HE3ABUCUMDLE 8 COBOKYNHOCTNY U 00UHAKOBO PACNPEIENCHHDLE

cayuatinvie seaununol. Ipednoaoscum, ME; = u, D& = 0. Tozda daa
a06vx a, beR

b 2
e RS 1 =
St ta i ) o (e Tdt, n— oo,

Vi Var )

CMBICJT TEOPEMBI TAKOB: €CJIH HEKOTOPOE (IHCII0BOE) HAOIIOICHIE CKIIa~
JIBIBAETCS U3 HE3ABUCUMBIX OJIMHAKOBBIX (DAKTOPOB, TO aCHMITOTHIECKU
OHO PACIIPEIEJICHO HOPMAJIbHO. DTO, MOXKHO CKa3aTh, YHUBEPCAJILHBIN 3a-
KOH IIPUPOJIBI.

IMonpo6uocTu cM. B [23-25].

Pla <

2. JIuneitnas ayirebpa

ITosem (rosopst HeOPMAJILHO) HA3BIBAETCSI HEKOTOPAsi COBOKYITHOCTD
00BEKTOB, Ha KOTOPOIl BBEJCHBI ONEPAIMN «CIOKCHAA» U «yMHOMKCHHS>,
00JIaIaI0IIIe  OIIPEIEICHHBIM HAa0OPOM aKCHOMATHYECKHX CBOMCTB THIIA
KOMMYTATUBHOCTH & + Y =Y + X, T = YT, ACCONUATUBHOCTH U JUCTPUOY-
THBHOCTH; KPOME TOT'O, B IIOJI€ €CTh «HYJIeBOI» U «GIUHUYIHBINA» 3JIEMEHTHI
(x+0=2z, x-1=1), a TakKe «0OpaTHBIE» JEMEHTHI (OIPOOHOCTH CM.
B [27]). Baxknefimumu Jyisi HAC TPUMEpPAMU TI0JIEH SIBJISIFOTCS MOJIE JIei-
CTBUTEIBHBIX umces R, mose paruonansueix uncen Q m mome Z,, sme-
MEHTBI KOTOPOTO CYTh KJIACCHI BBIYETOB II0 MOAyo p. Ilociemmee moste
KoHeuHO (cM. [28]).

Han pannbeiM moseM F MOXKHO ONpENEIUTh AUHETIHOE TPOCTpaM-
cmeo V. ToBopst onaThb-Taku HedOPMaJbHO, V' eCTh MHOXKECTBO <BEK-
TOPOB», KOTOPBIE PA3PENIAeTCA «CKIAJIbIBATEY MEXKIy COOOH M yMHOXKATD
Ha <«CKaJApbl», IpUHAJJIeKaIue F; IpH 3TOM CHOBA IIOCTYJIHPYETCS
HEKOTOPBIl HAOOP €CTEeCTBEHHBIX aKCHOM THUIIA KOMMYTATHBHOCTH U JIU-
ueitnoctn (A(z +y) =Az + Ay, A€ F, z,y € V); B upocTpaHcTBe BCerja
eCThb «HyJIeBOii» ajeMeHT. B wactnoctn, R™ — 310 JInHeiiHOE IIPOCTPaHCTBO
HaJ| nojiem R, u ananoruano seopgarca Q" mmm Zy; (cm. [27]).

Eme max mojem F ONpENENSIIOT TMPOCTPAHCTBA MHOZ0UACHOE (NOAU-
HOMO6), 3ABUCAIINX OT HEKOTOPOTO YHCJIA TEPEMEHHBIX Y1, ..., Ypn. DTH
npocTpaHcTBa 0603Ha9a0T F(y1, . .., Yn]. VIX 3/1eMEHTBI HMEIOT BUL

iy iy, .
CirvoinYiy e Y

(e 79 Oy
31eCh Cj, ..., € F'; BbIparKeHus Y e Y,

(moromamu).

HA3BIBAIOTCA 00HOUNEHAMU
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Ecmu x4, ..., T, — BEKTOPBI B HEKOTOPOM JIMHEWHOM TIPOCTpaHCcTBE V,
acy,...,Cy, — CKaJIAPHI U3 COOTBETCTBYIOIIETO MOJIA, TO CyMMa

c1x1+...+chxn

HOCUT HA3BAHUE AUHEUHOT KOMOUHAUUU OGHHBLT 6EKMOPO8 € OAHHBLMU
«HUCA08BIMUY KoIPPuyuenmamu. Ecan paBeHCTBO ¢121 + ... + ¢pZp =0
BBITIOJIHSIETCS UCKJIIOIUTETBHO ISt ¢ =Co = ... = ¢, =0, ¢; € F, TO ro-
BODST, 9TO BEKTODPBI T1, ..., Tp AUHEUHO He3a8ucumb, 1ad nosem F. Ba-
3UC IPOCTPAHCTBA — ITO TAKOI HAOOP B JMHEIHO HE3aBUCUMBIX BEKTOPOB
B HEM, UYTO JIIOOOU JIPYroil ero BEKTOP IPEICTAB/ISETCHA B BUJE JIMHEHHON
KOMOUMHAITNT BeKTOPOB 13 B. M0XKHO moKa3arh, 9TO BO BceX Ha3mcax OIHO
U TO K€ KOJMIeCTBO 31eMeHTOB. OHO Ke PaBHO YNCIY BEKTOPOB B MAKCH-
MAJILHOH JINHEITHO HE3aBUCUMOII cCUCTeMe 3J1eMeHTOB u3 V. Pasmeprocmuvio
MIPOCTPAHCTBA HA3BIBAIOT KOJUYIECTBO IJIEMEHTOB B JIIOOOM ero Oasmce.
Takum 0b6pazoM, ecum B IPOCTPAHCTBE JIaH HAOOD JIMHEITHO HE3aBUCHMBIX
BEKTOPOB, TO UX YHCJIO HE IPEBOCXOAUT PA3MEPHOCTH IPOCTPAHCTBA (CM.
[27,29]). BameTnM, BIpoueM, 9TO GbIBAIOT U GECKOHEUHOMEPHBIE IIPOCTPAH-
CTBa — CKayKeM, TAKOBO IIPOCTPAHCTBO HEIIPEPBIBHBIX (DYHKIUI Ha JaHHOM
orpeske. O 1HAKO MBI PabOTAEM JIUIIb ¢ KOHEIHBIMUA OA3MCaAMHU.

[IpocTpaHCTBO HA3BIBACTCH MEMPUUECKUM, €CIM B HEM BBEIEHO PAC-
crosirne (mempuka) p(x, y) (em. [30]), 1 2urvbepmosvim, €CIli PACCTOSHEE
MOKHO OIIPEJIETIUTh C IOMOIIBIO CKAAAPHO20 npoudsedenus. Hampumep,
R"™ — rusibbepTOBO MPOCTPAHCTBO, U TIOTOMY B HEM €CTh CTAHJIAPTHOE CKa-
JISIPHOE [IPOU3BEJICHNE

(X7Y):l‘1y1+~-~+$nym X:(l‘17...,$n>7 y:(y177yn)7

pu 9T0M (€BKJIUIOBO) PACCTOSIHUE BHIPAXKAETCS B BUJIE

x—yl* = (% %)+ (v, y) —2(x,y)

3. Teopus rpacdos

Ipagp— 1o mapa G = (V, E). Buecy V — HekoTopoe (BO3MOXKHO, Gec-
KOHEYHOE) MHOXKECTBO 00'bEKTOB, HA3bIBAEMBIX SepuiuHamy, a F — npons-
BOJIbHAsI COBOKYITHOCTH IIap 00bEeKTOB u3 V, uMeHyeMbIX pebpamu. Tepmu-
HOJIOTHsI €CTECTBEHHA, T.K. I'padbl IPUHITO M300parkaTh Ha ILJIOCKOCTH,
COIIOCTABJIsIS BEPIINHAM TOYKH, a pedpaM OTPE3KH, STH TOYKHU COEIUHSIIO-
e, OOBIYHO IIPEIIIOJIAratoT, YTO ¥ rpada HeT «KpaTHBIX pebep», T.e. 4To
Kaxkjast napa (x,y) Bcrpedaercs B E He Gosee omHoro pasa. Ilpeanosa-
rator, gaJee, 9ro (z, ) € F (Her «uerenb») u uro (z, y) = (y, ). Ecan or
[IOCJIEJHEI0 CBOMCTBA OTKA3aThCsl, TO BOZHUKAET OPUEHMUPOSAHHbIT 2pap
(opepagh), KoTopBIH U306parKaIOT TaK, KAK [OKA3aHO Ha pUC. 4: MOPAIOK
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Puc. 4

9JIEMEHTOB B pebpe 3a/aeTcsl CTPEJIOUKON, WyINell OT IepBOil ero Bep-
muHbl Ko Bropoi. I'pad G’ = (V', E’) HasweiBaercs nodepagom B rpade
G=(V, E), xoas ckopo V' CV E'CE.

I'pad HazbBaETCS NMOAHBIM, €CJIU B HEM TPOBEJEHBI BCE BO3MOYKHBIE
pebpa; y mostHoro rpada Ha n Beprmaax C2 pebep; Takoit rpad obozHada-
o1 K,,. llonasrit moarpad sexkoToporo rpada Ha3bBaeTcs ero kaukot. Ko-
JIMIECTBO BEPINWH B caMoii 6ouibinoii kinke rpada G obosnavaercs w(G).
MoKHO, HAIIPOTHB, PACCMATPUBATD HE3ABUCUMbBLE TOOMHOHNCECTNEG MHO-
JKecTBa BepimuH rpada, T.e. MOJAMHOXKECTBA, JIEMEHTHI KOTOPBIX OMap-
HO He coequHeHbI pebpamu. Jucaom nezasucumocmiu rpada HA3BIBAETCS
BesmunHa «(G), paBHAs MAKCUMYyMy MOIIHOCTEH HE3aBUCHMBIX IOJIMHO-
2KECTB MHOXKECTBa BEPIIHMH rpada.

IMoxpo6uocTu cMm. B [31-33].

4. Apam3s

Togopsit, uro dyHkuus f(x) ectb «o Mangoe» or dbyHkuuu g(r) npu
x— xo u iyt f(x) =o0(g(x)), koub ckopo f(z)=a(z)g(x), rae a(x) —0
upu = — x0. Hanpmvep, n = o(n?) opu n — oo mwm eV = o(e™), mwm

1
Inn
em mepasencTBo B Buze f(x) < (1 + o(1))g(xz), To MBI mOIpa3yMeBaeM,
qyro cymectByer dynkims h(x) = o(1), ¢ xoropoii BbInONHEHO f(2) <
< (1 + h(x))g(z). AnanormusbiM 00pas’oM Mbl IIOHUMAEM HEPABEHCTBO
tuna f(n) < (1,185 4+ o(1))". 3aecy onsre-Takum Haiigercs h(n) = o(1),
rakast, 4ro f(n) < (1,185 4+ h(n))™. ToHKOCTH B TOM, YTO B IIOCJIEJIHEM
cilydae HeJlb3sd yTBepxIaTh, oyaro (1,185 + o(1))™ ~ 1,185™ (f(x) ~ g(x),

n

= o(1); moxkmno marmcarsh Taxke eV = ("), Ecmm Mpl 3ammchBa-

ecn |f(x)| = (14 0(1))|g(z)|). Hampumep, (2 + %) ~ €2™; OJIHAKO caMa

KOHCTAHTA, CTOAIMAst B OCHOBaHWH 3KkcnouenTHl (v + o(1))™, ¢ pocroM n
TOJIBKO yTOYHSIETCA.
IMoxpobrOCTH MOXKHO HANTH B [34].
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